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S 1. Unipartite Ntimhers. 

1 . Compositions are merely partitions in wliicli the order of occurrence of the parts 
is essential ; thus, while the partitions of the number 3 are (3), (21)? (HI)? the com- 
positions are (3), (21), (12), (111). 

The enumerations of the compositions of a number n into p parts, zeros excluded, 
is given by the coefficient of x^ in the expansion of 

I '7! JL. rv*^ JL 'T'S „„ i- \P • 

this expression may be written 

m \P 

and the coefficient of x^ is seen to be 

n — 1\ '^ 
si^ ~ 1/ 

The generating function of the total number of compositions of n is 



CO ^J 

> I T» . , .■ I /V*** .. . It-- /V**^ .., \ „ , \P — — 

1 ^1 — 2 



hence the number in question is 

9« — 1 

2. If the parts of the compositions are limited not to exceed s in mamitude, the 
generating function ofthe number into^ part, is 

\X "~p" X -y" X "J" • • * ""["■ X j" '"■■-^ X" 1 ^Ij 






* In the continental notation I write { 1 for 



5 3 18,11,93 
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and herein the coefficient of a;" is 

fn — 1\^ /p\ /n — s ~ 1\ fp\ fn — 2s -~1 



,P-l/ \l)\n~s-pj'^\2j\n-.2s-p 



s « • 



The number of parts being unrestricted the generating function is 

^ p (IjzJlY — . a? (1 — 0^) 
p \1 '-' x) ~ 1 — 2x + x'^'^ ' 

The expression f j is unchanged by the substitution of n — p + 1 ^I'i^ ; hence 

the numbers of compositions of n into p parts and into t^ — p + 1 parts are identical. 

3. The graph of a number n is taken to be a straight line divided at n — 1 points 
into n equal segments. 

The graph of a composition of the number n is obtained by placing nodes at certain 
of these n — 1 points of division. 

^ JP O B 

* ■ """ ■ ■■ ' ■■' ■ ■ . . .. ■iiii a ii " ' - fij ■i m iiii M ii fgj iiiimiiii I.IIII.IIIJ ) ■■.■ ■ ■ 1.1. gn« M — M » ).n.,. iii B I - I I I I » 

AB being the graph of the number 7, for the representation of the composi- 
tion (214), nodes are placed at the points P, Q^ so that in moving from A to B by 
steps proceeding from node to node, 2, 1, and 4 segments of the line are passed over 
in succession. Although strictly speaking the initial and final points A^ B are nodes 
on the graphs of all the compositions, it is only the inter-terminal nodes that will be 
considered in what follows, as appertaining to the graph. 

The number of parts in the composition exceeds by unity the number of nodes on 
the graph. 

For a composition of n into p parts we can place nodes at any j) — 1 out of the 
n — 1 points of the graph of the number. The number of such composition graphs 
is at once seen to be 

and further, since each of the ^ — 1 points of the number graph is or is not the 
position of a node, the total number of composition graphs is 






4. Associated with any one graph, there is another graph obtained by obliterating 
the nodes and placing nodes at the points not previously occupied. 

These graphs are said to be conjugate. 

If a graph denotes a composition of n into p parts, the conjugate graph denotes ^ 
oomposition of n into ^ — p + 1 parts, 
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This notion supplies, in consequence, a graphical proof of the theorem of Art. 2. 
Compositions of a number are conjugate when their graphs are conjugate. 
E.g. The conjugate graphs 



Q * » — ' * ' ©-^ 0. 



yield the conjugate compositions 

(214) (13111) 

The composition conjugate to a given composition may be written down, without 
constructing the graph, by the rules about to be explained. 

The composition must first be prepared — 

(i.) By writing successions of units in the power symbolism ; for example, s succes- 
sive units must be written 1* ; 

(ii.) By intercalating 1^ between each successive pair of non-unitary parts; thus, 
when aa or ah occur (a and 6 being superior to unity) we have to write al% al% 
respectively. 

For the moment, call the non-unitary parts and the symbolic powers of unity the 
^^ elements '^ of the composition. 

When an element does not occur at either end of the composition it is called " non- 
terminal," when at one end only " terminal," and when at both ends (thus consti- 
tuting the entire composition), ^* doubly terminal." 

The rules for procession to the conjugate are : — 

I. If m or 1^ be doubly terminal, substitute V for m or m for 1^. 

II. If m or 1^ be terminal, substitute 1^""^ for w or m + 1 for 1'^ 

III. li m or 1^ be non-terminal, substitute 1"^""^ for m or m -f 2 for P. 

The composition thus obtained is in the '' prepared'' form and can be transformed to 
the ordinary form. 

E.g. To find the conjugate of (231141), take the " prepared " form 

(2108P41), 
and, beginning from the left, by 

Rule II. For 2 substitute 1, 
HI „ 10 „ 2, 

m^ 1 

* J? J 5 ^) 

JL.J.X. ,, ^C ,. J- a 



51 



resulting in the conjugate composition, 



12141^2), or non-symbolically (1214112) 
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An examination of the rules shows that they are reversible, and that the process 
gives a one-to-one correspondence between compositions of n into p and n -— p -{• 1 
parts. 

A composition in general has^ when prepared for conjugation, four different 
forms, viz. : — 

(2) a^V^a^V' . . . a^^il^^-^aj"*^ 

f O J J. (ajo X " » « e Ctg ,™ 1 J- ^^S 

( 4t: ) L CvQi 1 " » e • Cv^y «« 1 J- ~ W^ -i I 

in all the four forms a^, %, %, . . . a^ may have any positive integral values superior to 
unity. The numbers, a^, ct^, . . . a^, may have any positive integral values, including 
zero, with, the exceptions, 

In form (2) a^ cannot be zero. 

(3) ^1 

(4) a^ and a^ „ 

The conjugates of the forms are 

(1) 1^^-^ . ai + 2 . r^-^ . ag + 2 . . . r^~^™' , a.^^ + 2 . r^^-'-~\ 

(2) 1^^^-^ . cti + 2 . 1^*^""' , a^ + 2 . _ l«^--"2 ^ ^^^^ ^ 2 . 1^-2 . ot, + 1, 

(3) ai + 1 . l««-2 . a^ + 2 . . . 1^^"^"' . a.^^ + 2 , l^-\ 

(4) a^ + 1 . V^-^ . a^ + 2 . . . 1^*^^^-^ , a.^^ + 2 . 1^^^"^ , a^ + h 

5. Two compositions are said to be inverse (the one of the other) when the parts of 
the one, read from left to right, are identical with those of the other when read from 
right to left. 

A composition may therefore be self-inverse. 

In the graph of a self-inverse composition, the nodes must be symmetrically placed 
with respect to the extremities of the graph. If the number be even, the number of 
segments of the graph is even, and the two central nodes (nodes nearest to the centre 
of the graph) may be coincident, or they may include 2, 4, or any even number of 
segments. A self-inverse composition of an even number, say 2m, into an even 
number, say 2j?, of parts, can only occur when the two central nodes of the graph are 
coincident and, attending to one side only of this node, we find that the number of 
self-inverse compositions of the number 2m, composed of 2p parts, is equal to the 
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number of compositions of m composed of p parts. In a notation^ which is self- 
explanatory, we may write 

SIC (2m, 2p) = C (m, p) = ('^ " J' 

Next consider the self- inverse compositions of 2m into an uneven number, 2p — 1, 
of parts. The two central nodes must be distinct, and may include any even number 
of segments. If this even number be 2k the corresponding number of self-inverse 
compositions is equal to the number of compositions of m — k into p — 1 parts. 

Hence 

SIC(2m, 2p — 1) = C(m- l,p — 1) + C(m — 2, p~ 2) + . . . + C{p— l,p ~ 1> 

or 

SIC (2m, 2i. - 1) = C (m, p) = (^''^ " J' 

Self-inverse compositions of uneven numbers occur only when the number of parts 
is uneven, and it is easy to prove that 



SIC(2m-l,2p-l) = C(m,j.) = ('^'_ 



m — 1' 
1 



Hence, without restriction of the number of parts, 

SIC (2m) = SIC (2m + 1 ) = C (m + 1) = 2-. 

This completes the enumeration of the self-inverse compositions. 

6. Two compositions which are at once conjugate and inverse, may be termed 
^^ inverse conjugates/' 

A composition whose conjugate is its own inverse is said to be ^' inversely 
conjugate." 

Inversely conjugate compositions of a number n which havep parts, can occur only 
when jD = ^ •— j9 -|- 1, or w = 2j9 — 1, an uneven number. 

The inversely conjugate compositions of 2m -f 1 are composed of m + 1 parts. 

Consider a graph in which white and black nodes have reference to the two 
inverse conjugates respectively. 



B • — -©- — — — •— — • e- 



The black nodes are placed to the right and left of the centre of the graph in 
a manner similar to the white nodes to the left and right. If on the right there are 
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s black nodes and m •— s white nodes ; to the left there are similarly placed s white 
nodes and m -- s black nodes. 

Of the graph of the number there are m points to the right of the centre at which 
white and black nodes can be placed in 2^^ distinct ways. Hence it at once follows 
that the number 2m -f- 1 possesses in all 2''' inversely conjugate compositions. 
OtherwisOj we may say that the number of inversely conjugate compositions of 
2m + 1 is equal to the number of compositions of m + 1» 

It will be observed that the number 2m + 1 has precisely the same number, 2^'\ of 
self-inverse compositions. 

There is, in fact, a one-to-one correspondence between the compositions of 2m + 1, 
which are inversely conjugate, and those which are self-inverse. 

To explain this, take the graph last represented. Read according to the black 
nodes we obtain the inversely conjugate composition 

(23121) ofthe number 9. 

To proceed to the corresponding self-inverse composition obliterate the black nodes 
to the right of the centre, and also the white nodes to the left of the centre 
Substituting white nodes for the black nodes then remaining we have the graph 



ii iriiii(§[ «ii 



Q a i. . .i.i. » ■ » » ■ ■" '■■■' 8 ■ ~« •'■' M -nn. ... ^ ^ 



m0miimmim 



of the self-inverse composition 

Again, reading the original graph according to white nodes, we have the inversely- 
conjugate composition 

(12132), 

and proceeding, as before, with the exception that black and white nodes are 
obliterated on the left and right of the centre respectively, we obtain the graph 

« -0 — 



! ■»!' I' f l>'J «» .H »ii "' I " III ' r ii. n { ft j i- t - < i ri iii HH' i 1 -^ 



of the self-inverse composition 

(1211121), 

The process is a general one, and shows that we can always pass from a composition 
which is inversely conjugate to one which is self-inverse. 
E.g,^ of the number 7 we have the correspondence 
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Inversely conjugate, 


Self inverse. 


(4111) 


in 


(3211) 


(313) 


(2221) 


(232) 


(2131) 


(21112) 


(1312) 


(151) 


(1222) 


(12121) 


(1123) 


(11311) 


(1114) 


(1111111) 



The general form of an inversely conjugate composition is 

in its form prepared for conjugation. 

7, The compositions of a number, m, give rise to the compositions of m + 1 hy 
rules somewhat similar to those in Arbogast's method of derivations. The rules are 
obvious as soon as stated. 

Each composition of the number m gives rise to two compositions of the number 

m + !• 

I. By prefixing the part unity. 

II. By increasing the magnitude of the first part by unity. 

All the compositions thus obtained are necessarily distinct. As an example see 
the subjoined scheme for passing from the compositions of 3 to those of 4. 

Ill 12 21 3. 

nil 211 112 22 121 31 13 4 

If the conjugates of these two lines be taken, the result is the same as the two 

lines inverted. We have the theorem, easily proved :: " The coniugate of the , 

^ ^ ^ J &> second 

derivative of a composition is the ^ derivative of the conjugate composition." 

8. The theory of the compositions of numbers is closely connected with the theory 
of the perfect partitions of numbers."^ The connection is between the compositions 
of all multipartite numbers and the perfect partitions of unipartite numbers. The 
enumeration of the compositions of a single multipartite number enumerates also the 
perfect partitions of an infinite number of unipartite numbers. There is, moreover, 

* ^' The Theory of Perfect Partitions of Numbers and the Compositions of Multipartite ISTumbers," 
The Author, * Messenger of Mathematics.' 'New Series, Ko. 235. Kovember, 1890. 

MDCCCXCIIL — A. 5 P 
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as was showrij loc. cit^ a one-to-one correspondence between the compositions of the 
unlpartite number m and the perfect partitions^ comprising m parts^ of the whole 
assemblage of unipartite numbers. 

Defining a perfect partition of a number to be one which contains one^ and only 
one, partition of every lower number^ it was shown that if 

be any composition of the number 

the partition, 

{V . (1 +ocy . (1 + a . 1 +Sy ^ (1 + ^ « 1 +i8 . l+y)^ . .}, 

the exponents being symbolic, denoting repetitions of parts, is a perfect partition of 

the number 

(1 +a) (1 +^) (I +y) (L +8) , _ - 1. 



§ 2. Multipartite Numhers. 



9. The multipartite number a^y , . , may be regarded as specifying o^ + y8 + 7 + • • • 
things, a of one sort, /3 of a second, y of a third, and so forth. 

To illustrate partitions and compositions of such numbers, I write down those 

appertaining to the bipartite number 21. 

Partitions. Compositions. 

(21) (21) 



(20 01) (20 01), (01 20) 

' (IT To) ^ (Tilo), (loll) 

(lo^Ti ) (lo^ 01), (10 01 To ), (01 lo^) 

I speak of the parts of the partition or composition, and observe that each part is 
a multipartite number of the same nature^ or order of multiplicity, as the number 
partitioned. 

There is {see Art. 8, loc. cit,) a one-to-one correspondence between the compositions 
of the multipartite 

and the perfect partitions of the unipartite number 

where a, &, c, . . . are any different prime numbers* 

This correspondence is entirely distinct from that alluded to in Art. 12. 
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10. Taking for the present the general multipartite number to be 

P.1P2P3 • • • 

it is easily seen that the enumeration of the compositions into r parts is the same 
problem as the enumeration of the distributions of ^1+^2+^3 + - • • things, of 
which pi are of one sort, p^ of a second, pg of a third, and so forth into r different 
parcels. 

This number'''' is the coeffitcient of af'oL/^^a^^^ : . . in the expansion of 

{K+h + h + ' ..)' 
wherein h^ denotes the sum of the homogeneous products, of degree s, of the quantities 

Hence, the generating function of the total number of compositions is 

Aj + /ig + A3 + . . . 



■L """ /I'l "~" fVn — " /bo "■"' . . , 



The coefficient of af^a^^a/^ ... in the expansion of (A.]^ + ^^ + ^''3 + • • • )' ^^ i^'eadily 
found to be 



\ Pi / \ Ih I \ B / ■ ■ ■ 

'r\ /pj + r - 2\ /p2 + r - 2\ ^ + r - 2' 
r\ /pi + r — 3\ /pg + ?' — 3\ fp^ + r — 3' 



. » • 



4, . , . 

\2/ \ Pi / \ 1^3 / \ Ps 

— ... to r terms, 
and the enumeration is analytically complete. 

11. This method is laborious in the case of high multipartite numbers since r may 
have all values from unity to p^ + JPs + i^s + • • • ; but fortunately the series, above 
written, possesses some remarkable properties which can be utilized so as greatly to 
abridge the necessary labour. 

Let F (piPciP^ . . .) and /{piP^p^ . , . , r) denote, respectively, the total number of 

* See the Author, ** Symmetric Functions and the Theory of Distribations," ' Proceedings of the 
London Mathematical Society,* vol. 19, ISTos. 318-320. 

5 p 2 
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compositions and the number comprised of r parts of the multipartite number 
PiPsPs * • • ; so that, 

^{PiPzPs . • •) = '^/{PilWo . • . , ^). 

1 

W ritmg 

(1 — a^) (1 — ^s) (^ — otg) , . « = 1 — aj^ + % — % + . . . 

Aj -{• fi^ -{• /i^ -^ , > * ftj — - ^g -f- ^g "^ , . . 

1 — - /Z/j — /l(^ "~" /Z'g — " ... JL ~~" id (^6)^2^ ""' ^o "f" ^*^o — • • •) 

This new form of the generating function gives a relation connecting the number of 
compositions of any multipartite with numbers related to lower multipartites. 
For unipartite numbers 



yielding 

F(l)=l 

and 

F (pi) = 2F {pi •— 1) when p^ > 1- 

For bipartite numbers 

^1 + ^2 ~" ^1^2 



1 - 2 (., + «, - «,«^ = ^ ^^ (^1^^) "^'"^^'^ 
giving 

F (pip,) = 2F {p, - 1, Pa) + 2F {p„ p, - 1) - 2F {p, -l,p,- 1), 

and similarly for multipartite numbers 

F (PiPzPs . . .) = 2 {F (23i -1, pz,ps, ...) + .. .} 

— 2 {F (p] — 1, j^a ~ 1> Ps> • • •) + • ' '} 
+ 2 {F (pi - 1, Pa - 1 P3 - 1, ...) + •• .} 



• • « 



a formula absolutely true for all multipartites superior to ]11 . . ., and universally 
true if F (000 . . .) when it occurs be interpreted to mean -|.^ 

12. A simple expression is obtainable for F {piP^}- We have to find the coefficient 

of ai^'oLcf' in 

SCj -i- OLq — <5e-|5t2 

or, this is the coefficient of a/^ in 

(1 — djei) 

op a — I . ^ hi . 

* See fost. Art. 39. 
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and thence 

until one of the denominator factorials becomes zero/'^ 

13. There is another method by which the value of F (piP^p^ . . . /x) can be easily 
obtained from the numbers /(pij92J93 . . ., r) which comjDOse the value of F {piP^2Ps • • •)• 
Writing h^ + ^2 + ^3 + • • • = H, we may write the generating function 

TT 

where {piP^Ps • • •) denotes the symmetric function 

and 

W = tfipiP^Ps . . .. ^) . ilhP^Ps • • •)• 
Let 

dr = da^, + CliUa,j^^ + Otg^^r + a "T • • • 
^r = Z]{K + ^1 K + %3^3 + • • •)'. 

D^ being an operator of the r*^ order obtained by symbolical multinomial expansion, 
as in Taylor's theorem of the Differential Calculus, and not denoting r successive 
performances of linear operations. The effect of the operation of Dr upon a symmetric 
function of the quantities a^, olc^, a^ , . . expressed in the notation of partitions, is well 
known ; it obliterates one part r from every syrametric function partition which 
possesses such a part, and causes every other symmetric function to vanish. 

Also D,. (r) =1. 

Hence 

D^H^' = tfiPiP^Ps . . . /x, r) . {pjp.2P^ . . .). 



To evaluate D^H^' we require the well-known formulae 

leading to 

<H = (-)-+' (l + H). 

When operating upon a function of H, d!^ is equivalent to d^, when jn is uneven, 
and equivalent to -- dj^ when fi is even. Hence, with such an operand, we have the 
equivalences 

"^ Tables for tlie verification of formulae will be found posi pp. 898-900. 
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u 



D^~-^d^{di + 1), 

'D, = ^,d,{d,+ l){d, + 2), 

1 
D^ = — rfj (dj + 1) . . . (c^i + /i - 1), 

the products on the right denoting successive operations/^ 

To evaluate D^H*' as an algebraic function of H, it is necessary to operate 
successively with d^, c^^ + I, . . . d^ -^ [jl — 1 and to divide the result by [jl I 

We have 



-D,W = Qh-^ + (iJh'-^ + (" + ^] H^\ 



Suppose that generally 



B^w = 't'r'^l "^)( IjH'""^'''' 



Operation with 
gives 



so that the assumed law is established inductively. 

* The trutli of this law is seen by comparison -with the corresponding algebraic relations. 
Denoting by 5^, 53, , . . the sums of powers of a-^, a^^ tXg, . , , 

1 — UiX + %^^ — . . . = exp. — (siX + 2^3^^ + i%^^ + •'•)? 
and putting 

I •— a^x -|- ^3^3^ — , . . = (1 + a;)"*i. 

Hence 

1 

<^ia = — I ^1 (§1 + 1) . . , (6'i + /(, — 1), 
LL , 

from which we pass to the operator relation 



Observe also the relation 



D^ = dj(di + 1) . . . (di + /A ™" 1). 



^/a = —7 ^1 (^1 — 1) . . . (^1 ~ ,M + 1). 
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Substituting in a previous identity 



£ \l ) C ~ s) ■^""'''" "= ^fiPlP^Ps - . . ^; ^) . {PlP^Ps • '• .). 



therefore, 

,i \ s "~ ) (^ 1 s) ^f^PiP^^P^ . . .,r^[i + s) . {pip^p^ . . .) 

= ^fiPiP^Ps . . . /^, ^) . {PiP^Ps • • •)• 
This is an absolute identity and, equating coefficients after writing 

we obtain 

+ <j> {r, iM-r+ l)/(PiP2i^3 • • ». 1) ==f{PiP^P3 • • • /^. ^^)- 

This formula enables the calculation of the number / {PiP^P^ . . . ii, r) from the 
successive numbers 

/{PiP^Ps • • •. ^X /{PiP^P^ . . ., r - 1), . . ./{piP^Ps . . ., 1). 

14. A more useful result is obtained by summing each side of this identity for a 
values of r from 1 to tp + [ji^. This result is 

r 

^ {^{r, l^) + (l>{r + 1, iJ^ ~ 1) + . . . + (t>{r + IX, 0)}f{p^p^p^ ...r) ^^PiPiP-^Ps . . • H-). 
It can be shown that the expression in brackets { } to the left has the values 

\ r J fi ' 
therefore, 

"■ "^ ~. 



T 



^ 



a formula of great service when /x is large, as the number of arithmetical operations is 
comparatively small. 



we find 
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As an example we can find another series for F (^1^2)- 
Since 

wherein 

^ ^ j is the value of f{pi, 7^)5 

F {p,p,) = 2^-^ {p, + 2) + 2^-^ Ca±iH2.JL4) ^^^ _ ^^ 

"^ 3! \ 2 J^'-' 

a series which it is easy to identify with that previously given (Art. 12). 

15. Useful formulae of verification are obtainable. 

It has been shown in Art. 13 that the operation ( — )'^'^^ d^ is equivalent to d^ when 
the operand is a function of H only. 

Now 

the summation having reference to all positive integer solutions of the equation, 

a 4" 2^ + 3y + . « • = /x. 
Operating on the expression 

with ( — )'*"^^ c^/, for successive positive integral ralues of [jl, and equating the coefficients 
of the symmetric function {piP^p^ . . .) we find the relations— 

/{PjP^Pb' • • 1. ^) 

= - {/{PiP^Psr^ . l^ r) - 2/(^1^2^3 . . . 2,r)} 

= + {/{PiP^Ps . . . l^ ^) - ^fiPiP^Ps ^ ^ * 21, r) + ^/{piP^p^ ... 3, r)} 

"*» • AJ • • • . 

the condition of summation being 

a + 2y8 + 3y + ' . • = "^^ 
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Either summing these identities with respect to r, or operating as before upon the 
expression 

we obtain the identities 
F (PiPuPs • • • 1) 

= - {^{PlPiPz • • • 1^) - 2F (^1^2^33 • • • 2)} 

= + {F(piBP3 . . . 1^) •" 3F (pii?3P3 . . . 21) + 3F {pip^ps ... 3)} 



• * • 



"V • Kj • • • ■ 

These relations are readily verified in the particular case 

(PiP^Pb . . . 1) = (1). 

16. Another very useful result is derived from the algebraical result noticed in the 
foot-note to Art. 13. 

Since the supposition (— )^~^ s^ = % leads to the formula 



a 



ad 



1 

- s^ (5i - 1) . . . {s^ -~ /x + 1) = /^ 



1 ' 2 • • • • 



we reach the operator relation 

whenever, as in the present case, the operand is such that ("-)^~^ d^ == d^- 
Assuming 

\ d, {d, ^ 1) , . . {d, -ii + l) W = Q ff -^ (1 + H)- 

1 
and operating with ------- (d^ — ^) we find 

Lit "T" X 
1 7/7 -. \ /J \ TTj. / *' \TTr-iU.-l/l 1 TJV + t 



, d, {d, -x)...{d,-i.) Br = I ; ^ ) H"-- (1 + Hy 



(fM + 1)1 



verifying the assumption. 

M.DCCCXCIIL— A. 5 Q 



850 



MAJOR P. A. MAOMAHON OF THE THEORY 



Hence operation on the relation 



yields the relation 



H^ = tfipiP^PB • • .. r)^{PiP%P^ • • ») 



fy* 



.f^. 



H'-'^ (1 + H)'^ 



S(-) 



IJ.+V1 + V.2+ 



... ("1 + «2 + . ■ •)! 

»i! ©2' • • • 



Di^'D/^ . . . {S/{i>i P2i>3 ., r) .{PiP^Ps ■ • •)} 



or 



./* 



fiPiPuPs- ■ •>^'-^) + (f )/(i5ii5aP3- . .,*^--/^+ 1) 



1 



+ 



s 



\2)f{PiP2lh . . ., r - /x + 2) H- . . .| . (^ipsps . . .) 



/(P1P2P3 ... 1", r) - (/A - l)/(piPaP8 . . . 2P-^ r) 
+ • • -l-iPiPiPs- • •)= 



. 2^'^-*, r) 



or, equating coefficients and inverting 

fiPiPzPs • • • l^ r)-{ix- l)f{2hP2ps ■ ■ . 2P-^ r) 

+ (/* - 2)/(Pi PsPs • • • 81'^"^ r) + . . . 

= (j {/(Pli>2F3 . . ., r - /.) + (^fjfipiP^Ps . 



Ifr < /u, the dexter vanishes and 



•,r 



+ ©/(......,.-. + .)+...}. 



LI ~J" 1 I 



fipiPiPs • • • l^ r) - (^ - l)f{PiP^Ps • . . 21^-^r) 
+ (/* - ^)f{PiP^Pz ■ ■ • 3P-\ r) + . . . = 0. 



If r = [jb the dexter is 



/{PiPilh ■ • ., 0) + i^fjfiPiP^Pa ■ • •> 1) + (fjfiPiPiPs . . ., 2) + . ^ 



^ 



here/(j)iP2j-^3 . . ., 0) in general vanishes, but 



/(O, 0) = 1 
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Performing the summation in regard to r, 
F (P1P3P3 • • • l*^) - (/^ - l)F(piP3i93 . . . 21"-2) + . . . 

1 2 * • • • 

= i!p]f{ViM, . ■ ■, 0) + {(;*) + ('^ t ^) (j)}/(PiP.i^3 . . ., 1) + . . . 

+ 0„J{PiP,P, . . ., ^) + . . ., 
where 

^~=(:)+(''r)C^)+(''r)C:.)+ ■■•+(":' 



that is to say 



verified by 



(1 + x)"- (1 — x)- "- - ^ = >: 6'^,, a^ 

/(21^ 2) - 2/(2^, 2) +/(32, 2) = 0, 

22 - 2 X 16 + 10 = 0. (See Tables, pp, 898-900.) 



r = /Li, 



/(213, 3) - 2/(2n, 3) 4-/(32, 3) =/(2, 0) + 3/(2, 1) + 3/(2, 2) 



verified by 



93 - 2 X 57 + 27 = + 3 X 1 + 3 X 1. 



For the summation formula 



F (1), 

F (13) - F (2), 

F (13) - 2F (21) + F (3), 

F (1*) - 3F (212) ^ p (22) + 2F (31) - F (4), 



• • • « 



= 1, 



verified by 



3 — 2, 

1.3 "— 2 X 8 -f- 4, 

75 — 3 X 44 + 26 + 2 X 20 — 8, 



• * e % * 



= 1; 

O Q .^ 
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F {413) _ 2Y (421) -j- F (43) 

= /(4, 0) + (3 + 4 X l)/(4, 1) 4- (3 + 4 X 8 + 10 X l)/{4, 2) 

+ (1 + 4 X 3 + 10 X 3 + 20 X l)/(4, 3) 

+ (4 X 1 + 10 X 3 + 20 X 3 + 35 X l)/(4, 4), 
verified by 

3408 - 3776 + 768 

= -f 7 X 1 4- 25 X 3 + 63 X 3 + 129 X 1 , 

= 400. 



3. The Graphical Representation of the Compositions of Bipartite Numbers. 



17. The graphical method, that has been employed in the case of unipartite compo- 
sitions, can be extended so as to meet the cases of bipartite, tripartite, and multipartite 
numbers in general. For the present the bipartite case alone is under consideration. 

The graph of a bipartite number {pq) is derived directly from the graphs of the 
unipartite numbers (p), (q). 

Take g + 1 exactly similar graphs of the number p and place them parallel to one 
another, at equal distances apart, and so that their left hand extremities lie on a right 
line ; corresponding points of the g + 1 graphs can then be joined by right lines and 

a reticulation will be formed which is the graph of the bipartite number pg'. 




We have AK a> graph of the number p, and g' + 1 ^^ch graphs parallel to one 
another ; and A J a graph of the number g, and 2^ + 1 ^^^^ g^^P^^^ parallel to one 
another. 

The angle between AK and ^ J" is immaterial 

The points A, B, are the '' extremities '' or the '' initial '' and '' final " points of 
the graph* 

The remaining intersections are termed the ^^ points " of the graph. 

The lines of the graph have either the " direction " AK or the direction A J. These 
will be called the a and /3 directions respectively. Through each point of the graph 
pass lines in each of these directions. Each line is made tip of segments, and we 
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speak of a segments and of ft segments indicating that the corresponding lines (on 
which lie the segments) are in the a and /3 directions. 

Suppose a traveller to proceed from A to B by successive steps. A step is per- 
formed by moving over a certain number of a segments and subsequently moving 
over a certain number of ^ segments. A step is thus made up of two figures— say 
an a figure and a ^ figure. The number of segments moved over may be zero in 
either, but not in both of these two figures of the step, 

A step may be taken from A to any point a of the graph ; a second step may be 
taken from a to any point of the graph aB which has a and B for its initial and final 
points; subsequent steps are taken on a similar principle, and the last step tei*mi- 
nates at the point B and completes the procession from the point A to the point B, 
A step which takes x, a segments followed by y, /3 segments, is taken to be the repre- 
sentation of a bipartite part, xy. A procession from the initial to the final point (from 
A to B) of the graph thus represents a sequence of bipartite parts which constitutes 

a composition of the bipartite number pq. To every procession from A to B corre- 
sponds a composition of the bipartite pq, and the enumeration of the different 
processions is identical with the enumeration of the total number of different 
compositions. 

The steps of a procession are marked out by nodes placed at the points of the 
reticulation, which terminate the first, second, third, &c., and penultimate steps 
When nodes are thus placed, we have the graph of a composition. If nodes be placed 
at the points a, b of the graph, we obtain the graph of the composition 

_ (l3 OT 40) 

of the bipartite 54, 

The number of parts in a composition is always one greater than the number of 
nodes iu its graph. 

Considering the number of compositions o£pq, of two parts, it is clear that we may 
place the defining node at any one of {p + 1) (q + 1) — 2 points of the reticulation. 
Hence (and this may be verified by previous work) the number of two-part com- 
positions is 

(P+ ^) (2+ 1) — 2. 

18. The graph of a composition, traced from. A to 5, passes over certain segments, 
and may be said to follow a certain line of route through the reticulation. Other 
compositions in general follow the same line of route ; they all have their defining 
nodes upon the line of route, and a certain number of defining nodes will, in general 
be common to all of them. 

Consider the path AchB in the graph given below. All compositions whose graphs 
follow this line of route must have the node b ; 6, in fact, is an essential node along 
this line of route. 
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Essential nodes occur on a line of route at all poinhs where the course changes 
from the /3 to the a direction. 

We may regard a line of route as defined by these essential nodes since the line of 
route is completely given by these nodes. 

Every composition-graph involves nodes of two kinds— 

(1) Those which are essential to its line of route ; 

(2) Those which, in this respect, are not essential. 
There are p + 2' — 1 ^^ points " along every line of route. 

We have now to discuss the compositions whose graphs follow a mven line of 
route, and we find that they naturally arrange themselves in pairs. 

19, Associated with any one graph is another obtained by obliterating those nodes 
which are not essential to its line of route, and by then placing nodes at those points 
on the line of route not previously occupied by nodes. 

These two graphs are said to be conjugate. 

The compositions, represented by these graphs, are likewise said to be conjugate. 
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Conjugate graphs are shown above ; AcbB is the line of route, and & is the essential 
node. 

The corresponding conjugate compositions of the bipartite number 54 are 

(TI Ol 40) and (To OT 01 02 lo To lo lo). 

If the graph of a composition of pq, of r parts, possesses s essential nodes, it is clear 
that the conjugate composition has p + g— -r + s + l parts. 

Of compositions, of the bipartite j9g, whose graphs possess s essential nodes, there is 
a one-to-one correspondence between those of r parts and those of p + g — r + s + 1 
parts. 

Corresponding to an essential node in the graph of a composition there exist in 
the composition itself adjacent parts . . . p^q^ p^q^ . , . possessing the property of q^ 
and p.2, being both superior to zero. Thus, from inspection of a composition, we are 
enabled to determine the number of essential nodes in its graph. 
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It is useful to recognise four species of contact between adjacent parts of a 
composition 

in . . . pi^^ p^q^ . . . 

if qi is zero and p^ ^ero we have a zero-zero contact 
qi ,5 p^ positive ,j zero-positive 

qi positive p^ zero ,, positive-zero 

qi „ p^ positive „ positive-positive „ 



??■ 



J? 



In this nomenclature we may say that the graph of a composition possesses as 
many essential nodes as the composition itself possesses positive-positive contacts. 

20. The theorem arrived at may be stated as follows :— 

^* Of compositions of pg possessing s positive-positive contacts, there is a one-to-one 
correspondence between those of r parts and those ofjp + 9'~~''^ + 5+ 1 parts.'' 

An essential node corresponding to a positive-positive contact in the composition 
occurs at a point of the graph where there is a change from a ^ direction to an a 
direction ; we may say that this is a ^a point on the line of route. Similarly to 
positive-zero, zero-positive, zero-zero contacts in the composition correspond ^yS, aa, 
ctyS points respectively on the line of route. 

The number of different lines of route that can be traced on the graph of the 
bipartite number is the number of permutations of p symbols a, and q symbols /3, for 
this is the number of ways in which the p a-segments and the q /3-segments, which 
make up a line of route, can form a succession. 

Hence the number of lines of route through the reticulation is 

fP + 9^ 
\ P 

The whole of the compositions of pg can be arranged in conjugate pairs. 
E.g., The correspondence in regard to the compositions of the bipartite 22 is shown 
in parallel columns. 



(22) 

(20 02) 
(21 Ol) 

(To 12) 



>- 



S ■= 0, T 



1 



0. 



r 



(10 10 01 01) s = 0, r = 4 



(To TI 01) 

(To To 02) 

(20 01 Ol)^ 



> 



s 



0, 



3 
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■^ 



(02 20) 

(11 11) y 
(01 21) 

(l2 To) 

(01 20 OT) 

(ol oT 20) ^ 
(To 02 10) 

(TI To 01) 



1, r 



2 



(ol ol To 10)' 
(To 01 To oT) 
(01 To To oT) 
(To oT oT To) 



s 



1, r 



s = 1, r 



(oT To TT) 
(02 To To) 
(TT oT To) 
(To oT TT)j 



> 



S 



JL « 



^ 



1 



(01 11 To) s = 2, r= 3 



(01 10 01 10) s = 2, 



4I:« 



The compositions present themselves in pairs of conjugate groups according to the 
several values of s and r. In the above example for 5 = 1, r = 3, there is a self- 
conjugate group. This happens when 2r=:p + g + '5+l» 

A self-conjugate group exists for even or uneven values of s^ according as p + 2 ^^ 
uneven or even, 

21. The enquiry now is in regard to the number of lines of route through the 
reticulation which possess exactly s essential nodes. 

It may be observed^ in passing, that from any Ime of route may be derived a 
composition whose graph exhibits only essential nodes and no others. This may be 
called the principal composition along the line of route ; it will have 5+1 parts/ and 
each of the s contacts of its parts will be positive-positive. 

There is a one-to-one correspondence between the lines of route having s essential 
nodes and the compositions of ^ + 1 parts, all of whose contacts are positive-positive. 

Also the number of compositions^ number of parts unrestricted^ all of whose 
contacts are positive-positive is equal to the number of different lines of route. 

E.g,^ for the number 22, 

5 = 

Lines of route 




■§ = 1 

— A.,«„ 







I ' 





p3^S^3^ 







Compositions (22) 



(02 20) (ll 11) (01 21) (12 10) (01 II rO) 



and there are no other compositions having all contacts positive-positive. 
22. The number of different lines of route with exactly 5 essential nodes is 



s 



9. 
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Of this theorem I give three proofs, because its thorough examination is necessary 
for the purpose of leading up to the more difficult theories connected with tripartite 
and higher multipartite numbers. 

First Proof. 




In each of the adjacent sides AD^ AC of the graph o£ pq, select any s '^points'' 
(see definition of ^' point'') a, 6, c, . . . in order from the point A. The two 
points a, a are seen to determine an essential node a ; the two points h, h an 
essential node b\ &c., and a line of route necessarily exists which possesses these 
essential nodes and no others. The points along AD and AC, from which s points 
may be selected, are in number p and q respectively ; along AD 5 points can be 

selected in ( ) ways, and along AC in (J ways; any selection on AD can be taken 

with any selection on AC. Hence the number of lines of route having exactly 
s essential nodes is 

© (f 

23. Second Proof. 

We determined the total number of lines of route by considering the permutations 
of p, a-segments, and q^ ^-segments. Whenever in any such permutation there is a 
sequence ^a there must be an essential node upon the corresponding line route. We 
have simply to find the number of permutations of the p -i- q symbols in a^/S^ which 
possess exactly s^ ^a-contacts. 

Write down the 5, ^a-sequences 

. . . y8a . . . jSa , , . jSa , . . /3a , . . 



and the 5+1 intervals between them. In these intervals we have to distribute the 
letters in 

in such manner as to introduce no fresh )8a-contacts. For each of these jp + g — 2s 
letters there is a choice of 5 + 1 intervals. The p -— s letters a may thus be 

distributed in I j ways, and the q -— s letters fi in ( ], and each distribution of the 

MDCCOXCIII. — A. 5 E. 
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letters a may occur with each distribution of the letters ^. Hence the total number 
of permutations is 

24. Third Proof. ^^ 

I now come to a method which is valuable in the theory of multipartite numbers 
in general, and also intrinsically of great interest. 

I consider, as in the second proof, the permutations of the p + g' letters a^^^, 
which exhibit exactly 5, ^a-contacts. The proof depends upon showiDg there exists 
a one-to-one correspondence between these permutations, and those in which the 
letter y8 occurs exactly s times in the first p places counted from the left. 

Suppose the permutation with s^ /3a-contacts to be 



^6 



where, for convenience, s has the special value 5. 
Any of the indices x, y may be zero. 
Observe that 

^1 + ^2 + ^3 + ^4 + ^6 + ^6 + 5 = P, 
2/i + 2/2 + 2/3 + ^4 + 2/5 + 2/6 + 5 == q. 

ObHterate the letters yS, which do not occur in jSa-contacts, and the letters a, 
which do occur in /Sa-contacts, there remains a succession 



X(, 



a''^fia'''l3a'^^/3ot^^/3a^'fiQC 

of jp letters, /3 occurring 5 times. 

Next obHterate in the original permutation the letters a, which do not occur in /3a- 
contacts, and the letters 13, which do so occur ; there remains a succession 

y8^ia/S^^a/3^^a^^*a/3^^a^^« 
of q letters. 

Take these two successions for the left and right portions of a new permutation, 

viz. :- — 

a^^^a^^^a^^y8a^*^a^^y8a^« . /3^^a/3^^aj8^^a/3^^a^y^aj8^«a, 

and we have made a perfectly definite transformation of a permutation involving 

exactly s ^a-contacts into another possessing the property that the letter /3 occurs 

s times in the first p places. 

M.g., to transform 

^^a^^^a, 

write it 

aO/33 /3a a^^ ^a; 
•^ This proof is of fmidamental importance in the succeeding part of this investigation. 
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thence the successions 



a 







and the permutation 

in which occurs twice in the first three places. 

Now, it happens that these transformed permutations are very easily enumerated. 

The number of permutations of the letters in a^/S'^, which possess the property that 
the letter ^ occurs exactly s times in the first p places is the coefficient of [m^ol^^^ in 
the doTelopment of 

(a + iJL^)P {a + /3)^. 

This is evident from a consideration of the actual multiplication process. 
Hence, in regard to the bipartite pq^ 



{a + fjL^y {a + fi) 



s 



is the generating function for the number of lines of route possessing a given number 
of essential nodes. The complete coefficient of a^/3^ is found to be 

>+0(O''+©©^^+---+(!)cv'+---+e)©'"' 

generality not being lost by the supposition |> < g'. Hence the number of lines of route 
possessing s essential nodes is 

(!) (f 

Observe that the known formula 

'?)(o)+©(0+---+(?)e)+--+©(:)=fr' 

supplies a verification of the result. 

It has also been proved that the number of compositions of 5 + 1 parts having all 

contacts positive-positive is ( j / 

25. On each of the f^] (^) lines of route, which have s essential nodes, may be repre- 
sented 

5 E, 2 
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compositions, because the p -{- q — s — 1 non-essential nodes on each line of route 
may be selected as composition-nodes in this number of ways. 
Hence, the total number of compositions is 



FM = S(^)(^^) 2^ + ^—1 



(cf. the expressions for this number obtained in Arts. 12 and 14). 
Analytically, this result is equivalent to the algebraic expansion 



cnbJwm 



2xy 



+ 



23^^^ 



l-2{x + v -xy) (1 - 2x) (1 - 2ij) ' (1 - 2a!y (1 - 2yf ' (1 -- 2xy (1 - 2y) 



s I • • 



26. The important transformation of permutations established above is interesting 
when viewed graphically. 




A line of route is traced by a certain succession of a and /3 segments. That 
portion of a line of route traced by the initial p segments terminates in one of the 
points 0, 1, 2, 3, 4 in the diagram. All these points lie on a straight line through 
the right-hand lower corner. If one of these points be marked 6', s of the p segments 
will be ^ segments, and every line of route passing through the point s has the 
property that 5 symbols f3 occur in the first p places of the corresponding permu- 
tation of the symbols a and 13. Hence, there is a one-to-one correspondence between 
the lines of route possessing 0, 1, 2, 3, 4, . . . .5, , . « essential nodes and the lines of 
route passing through the points marked 0, 1, 2, 3, 4, . , , s, , . » 

Observe that the number of lines of route in the graph, of which A and s are the 

initial and final points, is ( ) , and in the graph of which s and B are the initial and 

final points, is ( 

Hence of the graph AB the number of lines of route passing through the point s is 



/p 



6\ 



and since every line of route must pass through one of the points 0, 1, 2, 3, 4, . . . Sj 
. . . we have 
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Inverse Bipartite Compositions. 

27. A line of route being marked out on a reticulation from A to B, the inverse 
line of route is obtained by rotating the reticulation through two right angles and 
interchanging the letters A and B, 




Consider a line of route from ^ to J5 having essential nodes a, 6. 
line of route a\ b\ c are the essential nodes. 

The principal compositions along these lines of route are— 



On the inverse 



(21 11 32) from A to B. 
(02 3l IT 20) from ^ to -4. 



* Consider also the points of tlie graph distant t segments from A. The number of such points is 
the coefficient of a?^ in the prod act 

(1 + m -^ x^ + . . » + xP) (1 + + oj^ + . . . 4- ^^'0? 



and if 



t < q -{- 1 is equal to t + 1, 

> q < p -{- 1 ,, q + 1, 

> p „ p + q — t + 1. 



These points lie on lines parallel to the line 01234 . . . a . . . and we obtain a graphical proof of the 
identities. 



.o)f%'"V(i)f:-i' 



'^\ /p + ^ ""- A ^ [P + 2' 

tl\q-t) \ p 



+ (i)C^ . -^ 1 )+..• + (.) (^ . ^ . )=(^ ^^ ^|for^<g+l; 



A frp J^ q 

.0/1 <1 
t\ ip + q 



- e 



t\ Ip -\- q •— f" 



+ ii;r gii ; + --- + v2 



\ /P + g ■ j -- ( -^ ^^ ^ j f or p + 1 > ^ > £ 



p 



+ 



' ^;'^ + r%...+ 



^p-1 



i \/p + q-t' 
t ^ q) [p ^ q ^ t^ 



(p + q 
p 



for t > p 



where the total rnimbor of terms in all these identities is 



I {t + 1) + (p - q) (g + 1) + "S \p~\- q-t-\-l)-=^{p + 1) {q + 1) 

e=p+ 1 



which is the total number of points in the graph (including A and B)^ and is therefore right. 
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All the contacts in these compositions are necessarily positive-positive ; hence the 
leading and ending parts are the only ones that can involve a zero element ; in the 
leading part the leading element may be zero^ and in the ending part the ending 
element. 

Every part; of a principal composition, which does not possess a zero element 
necessitates an essential node on the graph of the principal composition on the 
inverse line of route. Thus, if the one principal composition has s nodes, 5+1 parts 
and t parts v^ithout a zero element, the other pruicipal composition has t nodes, 
^ -f- 1 parts and s parts v^ithout a zero element. 

These may be called '' inverse principal compositions/^ 

The number of pairs of inverse principal compositions is equal to half the number 
of distinct Hues of route through the reticulation. The number of pairs is thus — 

^ V p 

Otherwise, we may say that in regard to compositions, all of whose contacts are 
positive-positive, there is a one-to-one correspondence between those having 6* + 1 
parts and t parts without a zero element and those having t + 1 parts and s parts 
without a zero element. 

The number 6? + 1 — ?5 is either 0, 1, or 2. 

E,g,, for the bipartite 22 the correspondence is 

s = 0, t = 1 s = 1, t :=z 

(22) (02 20) 

S = 1, t =• 1 s :=^ 1. t :=: 1 

(01 2"l) (12 To) 

5 = 1, ^ = 2 5= 2, ^ = 1 



(U 11) (01 11 10). 

28. This particular case of inversion leads easily to the general idea. Suppose a 
line route traced on a reticulation, and suppose marked the s essential nodes on the 
line drawn from A to B^ and also the t essential nodes of the inverse line of route. 
These 5 + ^ nodes are distinct. Along the line we may place an additional node at 
an unoccupied point and interpret the new compositions as read before and after 
rotation of the reticulation. The new compositions have each acquired an additional 
part ; they each have the same number of parts without zero elements as before ; the 
added node has either introduced a zero -positive contact into each or a positive-zero 
contact into each, according as the node is on an a or on a yS line between adjacent 
nodes. 
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Altogether there are jp -^q—l—'S'-t points at disposal, which may be selected 
as positions for nodes in 2^^'^"'^"'''^ ways. Suppose y^ +^2 additional nodes taken, such 
thaty^ zero-positive andy2 positive-zero contacts are introduced into each composition ; 
the number of parts in each composition will be increased by j\ + j\' 

We have a one-to-one correspondence between the compositions, having 

^+ 1 +^1 +y2pa^ts, 

t parts without a zero element, 
ji zero-positive contacts, 
J2 positive-zero contacts ; 
and those having 

i+ 1 + ii + h p^^ts^ 

5 parts without a zero element, 
j\ zero-positive contacts, 
j^ positive-zero contacts. 

We have thus pairs of inverse compositions ; the correspondence for the bipartite 

22 is 

(^. ij'vh) = {0, h h 0), (1, 0, 1, 0), (1, 1, 0, 1), 

(To I2) and (02 10 To) ; (11 Ol To) ; 

(0, 1, 0, 1), (1, 0, 0, 1), (1, 1, 1, 0), 

(2T Ol) and (01 Ol 20) ; (OT 10 n). 

(0, 1, 1, 1), (1, 0, 1, 1), 

(10 n Ol) and (01 Ol 10 10) ; 



Of the above, two compositions (TT Ol 10), (01 10 11) may be termed self-inverse. 

29. There are twelve compositions, viz., those with zero-zero contacts, which do not 
appear in the theory. 

To enumerate these compositions, consider the lines of route with s essential 

nodes or bends j ; every such line must have either 5 — 1, 5, or 5 -f 1 bends ^| • If 

the allied a/3 permutation neither commences with a nor ends with /3 it is 5 — 1 ; if 
either a commences or /3 ends it is s ; if both a commences and ^ ends it is 5 -|- 1. 

The enumeration of the lines of route gives 



P 

s 



1 / ( ^ I for s — 1 bends | ; 

1/ \.s — 1/ 



'' : ') (: : ;) + C : J) f : ') '- - ^-^^ -J 

^ ] (^ ] for s + 1 bends 
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To obtain compositions along these lines of route wMch have not zero-zero contacts^ 
we have at disposal 

p + 5' """ 25 — 1, 

points respectively at which non-essential nodes may be placed. Hence the number 
of compositions which have s positive-positive contacts (see Art. 19) and no zero-zero 
contacts is— 

, 9P+2-^2s~i Up " i\ /^ - i\ I (p - i\ /^ - 1' 



which is 



I 23' + «-2s-2 fP 1\ fl 1 



(p + s) (q + S ) 2p+2_2.-2 fP\ f'i 



Hence the total number of compositions which have no zero-zero contacts is 

2P+.-2 1 (jLJlD ig + 1) 2^+2-4 M (A , (j^ + 2) (g + 2) 2^^,_e /^^ ^ /2\ 

and, since the total number of compositions which have s positive-positive contacts is 

2"'-'- (f) (f / . 

we find that the number of compositions having s positive-positive contacts and also 
zero-zero contacts is 

2P+'i-2>-2 f 2^+1 _ (P + g) (S + s )l M /? 
1 M J \s / \s, 

and the total number of compositions having zero-zero contacts is 



2P+2-2 _^ 2^+«-* (22 - (P + 1) ( g + 1)\ M M _j_ 2^+2-6 J23 _ (j> + 2) (g + 2) 



^a 



^ • • » 



^.^., putting pg = 22, we thus verify 

4 + (4 -I) 4 + 1(8 -4) ==12 
that the number is 12. 
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30. Self-inverse compositions can only occur upon self-inverse lines of route. For 
the existence of such a line, one at least of the elements of the bipartite number 
must be even. If both elements be even there is a central point in the reticulation, 

and the number of self-inverse lines of route for the bipartite 2p', 2q is equal to the 

number of lines of route of the bipartite p*q ; that is to say, the number is 



If the bipartite be 2p' + 1, 2g' it is easy to see that the number is also 

The number of self-inverse compositions in both cases is evidently equal to the 
total number of compositions of the bipartite pq. 

§ 4. The Graphical Representation of the Compositions of Tripartite and 

Multipartite Numbers. 

31. The graph of a tripartite number may be in either two or three dimensions. 
It may be derived from a bipartite graph in a manner similar to that in which the 

bipartite has been derived from the unipartite graph. In the tripartite xwxmhev pqr 

we take r + 1, exactly similar graphs of the bipartite pq, and place them similarly 
with corresponding lines parallel, and Mke points lying on straight lines ; when 
these straight lines are drawn the graph is complete. The r -\-l bipartite graphs 
may be in the same plane or in parallel planes according as the tripartite graph is 
required to be in two or three dimensions. 

B 




The figure depicts the graph of the tripartite 233. The points of the reticulation 

are identical with the points of the r+ 1 reticulations of the bipartites pq. Observe 
that in two dimensions there are intersections of lines which are not points of the 
reticulation. On the other hand in three dimensions all intersections are also points. 

MDCCCXCIII. — A. 5 s 
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Other than the initial and final points A and B there are {p -{•' l){q -{• l){r -{- I) — 2 
points. 

The graph involves lines in three diflferent directions ; say an a, a fi, and a y 
direction. These are parallel to AP, PQ, and QB respectively. 

Through each point of the graph pass lines in all three directions^ and a segment 
joining two adjacent points is called an a segment when it is in the a direction. 

A line of route proceeds from A to B, from point to point of the reticulation. The 
number of lines of route is the number of permutations of the symbols in a^^y, and 
is, therefore^ 

A step along a line of route traverses in succession any number of a, fi, and y 
segments^ and in any one step the segments must be taken in the order, a, /S, y. 
The number of segments traversed may be zero in one or two, but not in three of 
these directions. 

A step is represented by a tripartite number Piqi^i and a succession of steps, the 
first starting at A^ and the last terminating at J5, is represented by a succession of 

tripartite numbers constituting a composition of the tripartite pqr:^ 

The graph of a composition is obtained by placing nodes at the points which 
terminate the first, second, &c., and penultimate steps. 

Essential nodes occur upon lines of route whenever the direction at a point changes 
from /3 to 06, from y to a, or from y to ^. These will be alluded to briefly as y8a, ya, 
or y^ essential nodes. , To these essential nodes on the graph of a composition 
correspond respectively zero-positive, positive-positive, and positive-zero contacts in 
the composition itself. It is convenient to call these collectively essential contacts. 
The theory of conjugate composition exists as in the bipartite theory. On every line 
of route there are p -^ q-^- r —- 1 points, and if there be s essential nodes, 2^''^'^'^^'"^"' 
distinct composition graphs can be delineated along the line of route. Each of these 
has s essential contacts, and, as in the bipartite case, we establish a one-to-one 
correspondence between the compositions having s essential contacts, and 5 + i^ + 1 
parts, and those having s essential contacts, and p -^ q -{- r — t parts. The graph of 
a quadripartite number is derived from the tripartite graph, and generally the graphs 
of the multipartite numbers of order n from those of the multipartite numbers of order 
n — 1, OTx the same principle as the tripartite from the bipartite ; and, moreover, in 
two dimensions. 

32. For the multipartite number 



PiPq> * * • Pn--lPu 

'^ Observe tliat the tliirteen compositions of the tripartite ill are elegantly represented on the edges 
of a single cube, the six lines of route lying between opposite corners. 
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we take p^ + 1 exactly similar graphs of the multipartite number 

and place them similarly with corresponding lines parallel and like points lying on 
straight lines. When these straight lines are drawn the graph is complete. Other 
than the initial and final points A^ B there are [p^ + 1) {p^ + 1) . . . [p^ + 1) — 2 
j9om^5 in the graph. 

There are lines in n different directions passing through or meeting at each point 
(including A and B), Call these directions the a^ direction, the ot^, &c., the a.^ 
direction. A segment joining two adjacent points is called an a segment when it 
is in the a direction. A step through the reticulation traverses in. succession any 
number of a^, ot^, . . . a^ segments ; but in any one step the segments must be taken 
in the order a^, cc^, . . . a,^. In a step the number of steps traversed may be zero 
in any one, any two, &c., any n —-1 of the n different directions. If a step involve 
p\ segments in the a^ direction, p^ segments in the a^ direction and so on, it may be 
represented by the multipartite number 



P iP % ' ' ' P n* 



A succession of steps, the first starting at A and the last terminating at B, is 
represented by a succession of multipartite numbers, constituting a composition of the 
multipartite ___^ 

P\P%V% • • • P^^\ 

Any composition follows a certain line of route through the reticulation. The 
number of distinct lines of route is the number of permutations of the letters in 

and is therefore 



n 



employing an obvious extension of notation. 

The graph of a composition is obtained by placing nodes at the points which 
terminate the first, second, &c., and penultimate steps. Essential nodes occur upon 
a line of route whenever the direction at a point changes from a,^ to a^ where n > t. 
At this point the contact between the adjacent parts of the composition is such that 
a part terminating with n — u zero elements precedes a part commencing with ^ — 1 
zero elements. We may speak of this as a contact of n — u zeros with t — 1 zeros. 
The number of zeros in contact, being 

n — 1 •— (u — t), 

may be any number from to n — 2^, according to the magnitude oi u '— t ; and 
there are ^ + 1 different contacts for which the number of zeros in contact is j. 

D S ^ 



868 MAJOR P. A. MAOMAHOK ON THE THEORY 

33. I now enquire, in respect of the tripartite reticulation, into the number of 
lines of route which possess exactly s^^, /3a essential nodes, s^^^ yfi and 53 j, ya essential 
nodes. The second method of investigation adopted in the bipartite case will be 
employed. 

Consider the permutations of the symbols in a^/3y which possess %i, /3a ; ^g^, y^ ; 
and Sgi, ya contacts, and suppose 

^n I ^m 4" hi ^^ ^« 

It will be shown that the number of such permutations is equal to the number of 
permutations in which 

^ occurs S21 times in the first p places^ 

y n -^Sl >> 93 M 3> 

y ,, ^32 5, in the q places succeeding the first p. 

A permutation of the former kind involves successions of letters 

y8a, y/3, ya^ y^a ; 

letters between consecutive successions being in alphabetical order. 

As regards these successions, and attending to them alone, the permutation 
exhibits some permutation of the terms in 

These permutations are 

^91 + ^qy + ^^1 -" cr)l . T 

7~ r-7 — — ^. , , "-: m number. 

(%-o-)l(s32-o-)!o-l%iI 

Selecting any one of these there are, with reference to the terms, 

different positions in which other letters may be placed. It is clear that a cannot be 
placed after a term (yfi), or y before a term (^a), for these placings would lead to 
additional (/3a) and (y^) contacts. The letter a may be placed before any of the 
terms {^a), {y0), (yfia), (ya), and after any of the terms (0a)^ (y^ot), (ya). Hence 
out of the s^i + % + ,931 —- cT + 1 different positions (relative to the terms) 
hi +■^31+ ^ positions may be occupied by a letter a. The letter /3 may be placed 
in all the s^^ + ,§33 + ^^^ — cr + 1 positions without the introduction of additional 
^(%, y^, ya terms. The letter y must not be in a place preceding (/8a), and hence it 
may occupy % + 53^ + 1 diflferent positions. 
Besides the letters occurring in the terms 

(^a)'^^"^ {y/^y^^'^'' {y^aY {yay^\ 
a occurs ^ — ^^x — s^i times, 
(3 3, q — Soi — SQc^ -^ (T times, 

y „ r — 53JJ •— Sgi times. 
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The p — ^21 — s^i letters a may be distributed in ^^^ + ^j + 1 positions in 

P \ 

I ways. 

Ai + %i/ 

The q '— s^i •— s^^ + ^ letters fi may be distributed in s^i + "^33 + ^31 "-" ^ + 1 
positions in 

ways. 
The r — 533 — ^31 letters y may be distributed in Sg^ + ^^si + 1 positions in 

/ T 



\ 



^ ways. 



Hence, for any given permutation of the terms in 
there are 

' V \ i ^ + ^31 W ^ 

sh\ + %i/ \%i + ^33 + h\ "~ ^/ \^%3 + ^31 

arrangements of the remaining letters which do not introduce additional ^a, y^ or 
ya contacts. 

Hence for a given value of cr there are 

V \( 2 + % \/ ^ \ (%+%3 + %-^)- 



.% + hil \h\ +^33 + % - ^/ \^33 + %/ (%. - ^) • (^33 - o-)! o- ! %! 

permutations. 

To complete the enumeration we have to sum this expression in regard to o . 
We have 

^ / 2^ + ^31 \ (^21 + %3 + h\ - Q-) ' 

\h\ + ^33 + h\ - ^/ (%i - ^) • (%2 - 0") 1 o- ! 531 ! 



(^ - ^21 - ^33 + <^) ^ (^21 - ^) ! (%3 - <^) J O- ! 531 ! 



^31 • ^33 J ^^S' -- ^3) -^ ^ ! (%3 - ^) ^ (^31 - ^0 ^ (2 - ^31 - ^33 "t ^^^ 

(2' + %)-' ^/%3\ /2'-% 



% ^ %3 ^ (S' - 533) ! \^/ \% - ^> 

h\ • ^33 • (^ "~ %3) • \%y 
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Hence the number of permutations sought is 

hi I W + ^31/ vJ \hi + hi) V%3 + %L 

34. It can be shown by direct expansion that this number is the coefficient of 
^2i'''^3i^''^32'''^^i^V 1^ the development of 

(^ + ^21^ + KyY (ct + /3 + \^yY (^ + ^ + yy\ 
which expresses the number of permutations in which 

^ occurs % times in the first p places, 

y J? %i J5 ?3 

y J, ^32 times in the q places succeeding the first p. 

This remarkable identity of numbers suggests a one-to-one correspondence between 
the permutations of the two kinds, but I have not as yet been able to determine the 
law of the transformation. It would appear to be a very difficult problem. The 
number of lines of route in the tripartite reticulation which possess 

Sjji, ^a essential nodes, 



?> ?? 



h\> r« 



is thus 

'hi + hi\[ 19 \/^\/^ + %\/ ^' 
hi I \hi + ^31/ V%3/ \hi + 31/ \%2 + h\> 

35. Hence the identity 

F^'^l^-rl \ S21 / \% + ^31/ \hJ W + ^31/ \h2 + hh 

the summation being for all positive integral, including zero, values of s^^ s^i, %, 
which yield positive terms. 

36. The generating function for the number of lines of route having s essential 
nodes ; that is s^i + 53^ + ^32 = 5 ; is 

(a + X^ + XyY (a + ^ + Xy)^ (^ + ^ + y)% 

the number in question being the coefficient of XWySy. 
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37. The whole coefficient of r/-^ySy being 



Co + CiX + C,X^ + . . . + CA^ + . . . 

hi I \hi + h\l Vml \h\ + hi) \%3 + %i- 



the summation being subject to the condition 



^21 + ^31 + ^82 — ^• 



Moreover, denoting the whole number of compositions of the tripartite pqr by 
F (pqr), we have 

38. Hence F (pqr) is the coefficient of a^^y in the development of the product 

2P-^^i^r^i (a + i/3 + hY (^ + i8 + iyy (a + ^ + yy\ 

which is more conveniently written 

1 (2a + /3 + yY (2a + 2^ + y^ {2a + 2^ + 2y)^. 

39. This product is a generating function which enumerates the compositions of the 

single multipartite number pq7% but the generating function of all tripartite numbers 
can be at once derived from it. 

It is 

1 



1 

2 



{1 ~5(2a + /3 + 7)}{l -t(2oL-\~ 2/3 + 7)}{1 - u (2cc -{- 2/3 -{- 27)}' 



in which, when expanded, the coefficient of {say[t/3y{uyy is the number of com- 
positions of the tripartite number pqr. 

The generating function previously obtained for tripartite numbers from the 
analytical theory was 

oi -{- /3 -\- y — /3y — yx — x/3 + ^^87 
1—2 (a 4-/3 + 7 — ^7 — 7a — ayS + ct/37) ' 

the number of compositions being given by the coefficient of a^^^y^ The addition of 
|- to this fraction brings it to the better form 

1 L____ 

2 



1 — 2 (fit 4- yS + 7 — ^87 — 7a — a/S + afiy) ' 
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which is consistent also with the circumstance that it was found convenient analytically 
to regard the number of compositions of multipartite zero as being the fraction ^. 

40. The number may be stated as the coefficient of {say{tpy{uyY in the expan- 
sion of 

1 



2 



1 — 2 {sa -\- tjB -{- Uy — hi/3y — iisya — sta^ + stua^y) 



and we have shown that this fraction is equivalent to that portion of the expansion of 
the fraction 

1 



1 

2 



{1 - s(2a + /3 + 7)} {l~-t(2u + 2/3 + 7)} {^ - ^K^^ + 2^8 + 27)} 



which is a function only of sa, t/S^ and uy. 



41. It will now be shown that the fraction 



1 . 1 

2 



{1 -S^{2a^ + ^3 + ... + dn)} {1 -%(2ai + 2a, + ... + ^«)}...{1 - Sr,(2ci^ + 2u^ + ... + 2a,)} 

is, in fact, a generating function which enumerates the compositions of multipartite 
numbers of order n. 

This important theorem will be demonstrated by showing that the aggregate of 
terms in the expansion of the last written fraction, which is composed entirely of 
powers o£ Sj^a^, s^a^, . . . s^^a.^^ is correctly represented by the fraction 

1 ^ 

2 



which has been already shown to be a true generating function. 
42. For brevity put 

M = (1 — 2s^a^ (1 — 2s^a^) . . . (l — 2s,,a,), 

The two fractions under comparison are 



and 



1 

2 


~ 1 + 2 (1 - 


- Si^i) (1 - s^a^) . . 


,.(!» 


"" ^h^n) 




1 


1 




1 



2K' 



2 



(1 -. Si)(l - S2)...(l - S,) 2D 
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Since M-N= (2^-2)63-(23- 2)?>3 + . .+(-)'« (2» - 2)&„ 

¥ M M-N Z.1- 2sA (2^ - 2) 6„ - (2» - 2) 6, + ... + (-)'' (2» - 2) 6„ 

— — n / - V 



D D D 1 1-S, (1-Si)(l-S3)...(l-S„) 

_ n f 1 + -i^\ _ (2^-2)6^-... 4-(-)''(2''-2)&, . 

1 \ 1 — S^/ (1 — Si) (1 — Sg) ... (1 — S«) 

the second member of the right-hand side of this identity has now to be transformed 
into a series of partial fractions of the same form as those which arise from the 
product 

n (1 + 



tJlAjLJLtlA 



1 \ -*■ ^K 



1 — b. 



43. Let Ki, K2, K's, . . , Ki be any t different numbers selected from the first n integers 
1, 2, ... % arranged in ascending order of magnitude. 
Let 



«:i«2 «1 f^l 1^2 H 

■D(i) _ -0(1) a I f>a) Q r -rW a 



■dCI) -5^ -nCl) q q 

the summation being for the ( j terms obtained from the ( ^ j expressions B^^^p that it 

is possible to construct from the t integers Kj, /Cg, . . . /c^ 
Further, let 

■j^W K? T>(i) q. q 

the summation being for the ( . . j terms obtained from the ( . , ^ ) expressions 
B^j^g.^Kj+Z*^^ that it is possible to construct from the t integers fc^, /c^, . . . Kt. 

44. The following lemma is required : — - 
'^ Lemma. 

^ TyU) q /^ "" J ■^\ T>0") 

V* -dO) q q /f — ^ — 1\ -rv(j) 
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the summations being subject to the same conditions as before. The truth of these 
I'elations is obvious from the elementary theory of permutations/^ 

45. Consider now the series of functions— 

P = B^'^ , 

p _ -o(i) _ -n(2) I -p(3) 



« as s 



From the foregoing lemma are derived the relations— 

5^ p (4 a /'^ "~ 2\ p(i) p(2) 

SP S S -/^""^^B^'> -/'^""^^B"' 4-B® 

y P ^ S — /^ ~ ^"^ R*'> _ /^ ~ '^\ B^'' 4- 4- f — V B^''"'^ 



• « « « « e 



* « 



Hence, by addition with alternate signs, 



« • * 



"T" ( ^ j S X K1K2 ^K3 ^K4 • • • ^K,' 

Here the summations are in respect of the t numbers /Cj, Kg, . . . k^ 

46. A similar identity may be established for every selection of t integers out of 
the numbers I, 2, 3, . . . '^. 

Summing all these identities, and remembering that 

n 

SB,„,...J«) = (2'-2)6„ 
we obtain 

or, attributing to t all integer values from 2 to ti inclusive, we have the series of 
relations : — - 
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n 
P 



n 



— (2^ — 2) 63 — S P«^^^^^ — t P^i^^S 



K1K2 '^Kz 

n n n 



+ (2 2) 6^ — 2 x^cjKs/cgK^ S X ^^^^^gb^^ + S X ^j^g b^gb 



Now 

S PkiK,S^3 = 2 Pkj/C,(Sk3 + ^/C4 + • • • + Sk„) 



n n 



with similar relations in the case of the other symmetric functions. 
47. Hence, by addition, 

(2^-.2)6,-(2^^2)&3 + . . . +(-y^(2^^-2)&. 



n 



SP,,(l-SJ(l-SJ...(l. -SJ 



n 






n 



4-2P (1 — S ) 







n 

-4- ^ P 


and thence, 








{2^ - 


-2)&, (23 2)&, + ...+ (-)'»(2» 2)&, 






(1 _ Sj) (1 _. S3) ... (1 - S«) 






^ (1 - S.,) (1 - S,,) 






^ (1 - S.J (1 - S.,) (1 - S.,) 






... 






. 1 , ^ . „ -*■ «lK2 • • • «« 




^ (1 - s„) a - s„,) . . . (1 - s;,) 






+ . -. 






123 ' ' ' '>i 




(1 _ Sj) (1 - S^) . . . (1 - s„) • 






5 T 2 



n 
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The relation 

^ = n f 1 + ^"-^ - (^' - 2)&, - (2^ - 2)?>, + ■■■ + (-)"(2» - 2)5,. 

now becomes 

•KT '>'qA ^^<?<jAa p **.. qA a ^^P 

..^ , tx^Mmm I „| I r^ !► y— —^ Itiiuilnrt J^ """ ' "*— — "^ --■'■''""' ■■ ** " '•'•"'""'"'''""'' n i m tm \ w m n ^fnm Jr I >,i,...,«-.-,i,i.i,..i .-i,,r.iiii i- , n- 



the final fraction 



<?<? qAA a -«-.p 

(1 — Bi) (1 — ' Sg) . . , (1 '™- Sji) 



vanishing as will be seen presently. 

48. This form of the fraction — will be employed in order to show that the expan 

11 
sions of ™ and :^ are effectively identical. This arises from the circumstance that 

the right-hand side of the above identity when expanded contains no single, term ex- 
pressible as a function of ^^^i? H^%^ %%? • • • ^^»^«' 

49. Of the fractions % ~^^^~~^ consider the typical fraction 

1 — S«^ 1 -- s^^ (2a^ + . . . -f- 2a^j + a^^j^j + . . . + a») ' 

since the numerator contains a factor s^^ and no quantity a^^ the fraction when 
expanded can contain no term which is a function of Sia^^ s^a^^ , . . s^^a^ alone. 
Consider next the typical fraction 

(1 — S^j) (1 — S^^) ' 
the numerator is 

and 

A^^A^^ = (2a + . . . + 2(»^^_i ^ _ ^ -J- e^^^-j- . , , -|- a„) (2^1 4" , , . -f 2^^^ + . _ 4. 2a^^_i+ - . + %*)? 
and, therefore, contains a term 



OF THE COMPOSITIONS OF NUMBIRS. 877 

hence the numerator is free from such a term and every term in it contains one of the 
quantities 



but the whole fraction contains no quantities 



^K^3 ^K^3 • • • ^K,, 



and thus it is manifest that the fraction can contribute no term which is a function of 



1 i5 • • • ^U tt* 



50. To simplify the discussion of the remaining fractions it is necessary to consider 
some particular properties of the typical numerator. 
The function 



p 



may be expressed as 

T>(i) -d(2) I 4. /«. VR^^""-^^ 



or as 



{•Z (22 - 2) «„ a«, (A,, + 2aJ . . . (A,, + 2a,j 

t 
— t{2^ — 2) a,a,a,^ {A,^ + 2a,j . . . (A,^ + 2a^) 

\ # • # 

-|- ^ — J ^2 — 2) Ot^i^^a • • • ^kJ^k^^k.^ * » * ^K^ 

the summations being in respect of the t numbers 

Writing 

p p' « 55 .» 

we have now the identity 



P'.,.,. ..., = 2 (2^ - 2) a„a,^A,^A,^ . . . A,, + S (2^ - 2) a«a.a«A, ... A,, 

-f . . . + (2^ — 2) a, a„^ ... a. 

51. To establish this it is sufficient to observe that the coefficient of 
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in the former series is 



2 



2-^ (2^ ^2)^ 2-^ (23 ^ 2) + . . , + (-.)-^ Q (2^ - 2), 



which has the value 2* — 2. 

52. Hence the numerator of the typical fraction may^ to a factor .9^^^^^ . . , s^ pres 
be thrown into the form :~ 

2 (A,^ + a^) (A,^ + a,^) . . . (A, + ^0 - (K + 2^.,) (A,, + 2a,J . . . (A,^ + 2a,), 

which is of great service. 
Of the series of quantities 

the typical fraction contains only the t quantities 

If it can be shown that the numerator consists of terms each of which contains 
quantities of the series 

which are not included in the set 

it will follow at once that the fraction can, when expanded, contain no term which is 
a function of 

It suffices to show that the numerator vanishes when all the quantities of the set 

not included in the set 

are put equal to zero. 

Under these circumstances, remembering that k^ % » ^ . k^ are in ascending order of 
magnitude, we have 

K, = ^1., + ^«3 + . « . + a^^ 

A,3 = 2a,^ + 2a,^ -^ a^+_ ^ ^ a,^. 
A„^^ = 2 (a^^ + a„, + . . . + a^^J + «^_ 
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and the relations 



A,, + 2a,^ = 2 (A,, + a,,) 
hence the numerator factor becomes 
2 (A,, + «„J (A,^ + a, J . . . (A,, + a,) - (A,^ + a,J . . . (A,^ + «,) 2 (A,^ + a,J = 0. 

53. This result proves incidentally, as stated above, that the final fraction 



Ki "Kg • • • "/C(i -^-^Ki ■^■^K2 • • * -^-^Kn -^ K] «2 • • • '^'^ 



(1 _ Si) (1 - S,) ... (1 - S,) 
vanishes identically. 

It also terminates the proof which it has been the object of this portion of the 
investigation to set forth. 

54. The analytical result may be stated as follows : — 
The fraction 

1, ^ ± ^ 

^ {1 — ^1 (2^1 + ^2 + . . . + Cin)} {1 — % (2^1 + 2^3 + . . . + a,,)} . . . {1 — s,, (2^1 + 2^2 + . . . + 2a^)} 
is equal to the product of the fraction 



2 



1 — 2 (2 S^a^ — 2 'V2^1^3 + . . . + ( — )^ + ^ 5-1^53 . . » S^ a^^g . . . dn) 

and the series 

"^ ^ "~ (1 ~ s,j (1 -- S.J ... (1 - s,; 

where 

S, = 5, (2^1 + . . . + 2a, + a, + i + . . . + 06;,) = 5^ (A, + 2a^) 

and the summation is in regard to every selection of t integers from the series 
1, 2, 3j . . . :?ij and t takes all values from 1 to ^ — 1. 

55. It may be interesting to give the simplest cases at length. 

Order 2. 

1 



1 

2 



{1 ~ s, (2^1 + a,)} {1 -- s, (2a, + 2ci,)} 



1 



^ I V^ I 2 ^2^1 



1 — ■ §1 (2aj + ^3) 1 — Sc, (2«j + 2ci^)_ 
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56. Order 3. 



X 

2 



{1 - 5i (2^1 + ^3 + ^3)} {1 ~ S3 (2^1 + 2^3 + ^3)} {1 ~» §3 {2a^ + 2^3 + 2^3)} 

1 



— 1 



1-2 (Si^i + 53^2 + ^3^3 - Vs^s^s - Vl^S^l - ^l^g^l^S + ^1%%^1^2^3) 

X 



% (^3 + ^3) gg (2^1 + g^g) , ^3^2^^ + 2^3) 

1 "-p Jj ~ 7j^^ """ T "-p r 7^^ 'Z -|- 



+ 



+ 



+ 



1 — S^ {2ci^ + ^3 + ^3) 1 — % (2sc^ 4- 2^3 + ^3) 1 — 5g (2a^ + 2^3 + 2^3) 

{1 - §3^ (2^1 + a, + ^3)} {1 - % (2«i + 2^3 + ^3)} 

: ^^i^3^2(^i + ^2 + ^ 3) „.„__„_ 

{1 - §1 (2^1 + ^3 + ^3)] U - % (2^1 + 2^3 + 2^3)} 

{1 - ^3 (2a, + 2^3 + ^3)} {1 -~17(2^r+2;3 + 2a3)}_ 



57. The general algebraical result, interpreted arithmetically, shows that 



X 

2 



{1 — S, {2u, + ^3 + . . . + cin)}{l — 53 (2^1 + 2^3 + . . . H- a,^)} . . . {1 — s^ (2a^ + 2^3 + . . . + 2a^)} 



is a generating function for the enumeration of the compositions of multipartite 
numbers. 

58. The original generating function of the earlier sections has by the addition of 
ineffective terms become factorized, and can thus be dissected for detailed 
examination. 

The process seems to be analogous to the chemical operation hj which the addition 
of a flux causes an element to be the more easily melted. 

As a direct consequence of the geometrical representation of the compositions of 
multipartite numbers on a reticulation it is of great interest. 



59. To resume. The number of compositions of the multipartite number p^p^ . . . j:>« 
is the coefficient of 

in the expanded product 

l(2a^ + a^ + . . . + a^)p^ {2a^ + 2^^ + . . . + a,,y^ . . . {2a, + 2a^ + . . . + 2a^)^", 

or we may say that it is the coefficient of the symmetric function 

t a/' a/' . . , a/^ 
in the development of the symmetric function 

1^(2^^ + a^ + . . . + a^)pi (2^1 ^ 2a^ + . , . + a^)P^ . . . (2ai +2a^+...+ 2a^)P^ 
in a sequence of monomial symmetric functions. 
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60. The unsymmetrical form gives a direct connection between the numbers of the 
compositions and of the permutations of the letters in the product 

In the unsymmetrical product the term a/^a/^ . . . a/% attached to some numerical 
coefficient, arises in connection with every permutation of the letters in the term. 
One factor of such coefficient is manifestly 

if the letter a^, in a particular permutation, occur q<^ times in the last 
^2 + Ps + • • • + P« places of the permutation there will be a factor 

further, if the letter a^, in the same permutation, occur g^ times in the last 
V^ + 'PsArx + • • • + i^/^ places of the permutation there will be a factor 

Hence for the permutation considered there arises a term 

and the number of compositions must therefore be 

the summation being taken in regard to every permutation of the letters in the 
product 



E.g.^ to find in this way the number of compositions of the bipartite 22, we have 
the following scheme : — 



IPi 



9 



Kja^ 


^iH 


'1\ 

2 


«-\H 


ai«3 


1 


ai«2. 


%«! 


1 


a2«l 


"l^S 


1 


^a^i 


«2«1 


1 


a?«2 


"l^l 






Therefore 

F(22) 
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22-1 (22 + 21 + 2^ + 21 + 21 + 2°) 

5 u 



26, 
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61. The unsymmetrical product may be written in the form 

2i..+i..+...+i.«-i^^^ + *{% + ... + (^.)y^ {^1 + % + i(^3 + * ' • + ^.)F^- • • 

* ' ' 1 ^1 "T" ^2 i" * * • "i* ^u S 

and herein the coefficient of ct/^a/^ . , . a/'' may be written 

where Cq, C^, C^, . . . are certain integers. 

Observe that C^ is the coefficient of X^a-^^^a/^ , . , a/" in the product 

{(Xj 4- X (ctg + . . . + ot,,)]P' {^1 + a^ + X (ag + , . . + a,,)p« - . • {^i + % + • • • + ^n]^" 

Considering the reticulation of the multipartite number p^p^ * . . Pm suppose there 
to be D^ lines of route which possess exactly s essential nodes. Upon these lines of 
route are represented 

distinct compositions, and the whole number of compositions is manifestly 

Tlence 

or D, =: Cs presumably (see post, Sec. 5, Art. 7l), that is to say, the number of 
distinct lines of route through the reticulation which possess exactly s essential nodes 
is the coefficient of 

in the product 

{a^^ + X (%+••• + ^n)]^'{^i + % + ^ (^3 + . • • + ^n)]^'' ... {ot^ + %+••• + »^}^"- 

62. To interpret the product arithmetically we find that for a particular permutation 
of the letters in 



Ofci Ofcp » • ^fi 



the factor X* will occur if 



a^ occurring r^ times in the first p^ places of the permutation 

Ctg ,, Tg 5, Pi + Pg ,5 „ 



« ft « • 



the sum r^. -|- r^ + • • • + ^^^ = '^^ 



?5 3J 
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63. Hence the number of lines of route through the reticulation which, possess 
exactly s essential nodes is equal to the number of permutations of the letters in 

IA/-I iA»o • • • ^'^fi 5 

for which 

^2 + ^3 + * . . + r,, = s ; 

Ti denoting the number of times that the letter ai occurs in the first 

places of permutation. 

64. We are at once led to an important identity of enumeration in the pure theory 
of permutations. Following the nomenclature of a previous section of the investiga- 
tion, a line of route through the reticulation is traced out by a succession of steps, 
each step being an a^ step or an a^, &c., or an a^^ step. 

The whole length of the line of route there are altogether 'p^, a^ steps, p^^ ^a steps, 
060. , . e . Pfi) ^11 s te |js. 

Without regard to the characteristic of lines of route in respect of essential nodes, 
the whole number of lines of route is equal to the number of different orders in which 
these steps can be taken, viz., equal to the whole number of permutations of the 
letters in 

An essential node occurs whenever a step a,, immediately precedes a step ot^, where 
II > t. 

In the corresponding permutation there is a contact 

^«^/; II > t, 

which may be called a major contact. 

Hence a line of route with 5 essential nodes is represented by a permutation with 
s major contacts. We have thus the theorem : — 

'^ In the reticulation of the multipartite number PiP^ - - - Pn the immber of lines of 
route which possess exactly s essential nodes is equal to the number of permutations 
of the letters in the product 

1 ^ • * • ^^ f 

which possess exactly s major contacts." 

'' Calling a contact a,,ai a major contact when to > t the number of permutations of 
the letters in the product 

1 "-2 • • • ^W 5 

5 u 2 
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which possess exactly s major contacts^ is given by the coefficient of 

in the product 

{a^ + X (a^ + . . . + a,,)}^i {a^ + ^2 +^ (^3 + • - • + ^^01^' • - * 

{^1 + ^3 + . . . + ^n]^"" 

I am not aware if this problem has been previously solved in this form, or, indeed ^ 
if it has ever been attacked before.^ 

65. " The number of permutations of the letters in the product 

which possess exactly s major contacts, is equal to the number of permutations for 
which 

^3 + ^3 + — • + "^^n = s, 



7' 



't denoting the number of times that the latter ai occurs in the first 



places of the permutation.'^ 

66. It is easy to obtain a refinement of these theorems which has been fore- 
shadowed by the detailed bipartite and tripartite cases which have preceded. Major 
contacts in a permutation, and, consequ^ently, also the essential nodes along a line of 

route, are of ( ,-, ] different kinds. 

Consider the product 

(^1 + ^21^2 + ^31^3 + . . . + Kl^ny' (^1 + % + ^33^3 + ^42^4 + ' • • + ^^2^,,)^'' 
. . . (otj + Ctg + . . . + Xn.n-l^uY'''' («! + Otg + . . . + ^nY''- 

The coefficient of a^'ac^'-' . . . a/'^ consists of a number of monomial products of the 
quantities X, each attached to a numerical coefficient. Of these products a certain 
number are of a definite degree s. The sum of the coefficients of these products 
gives the number of permutations of the letters in 

which possess exactly s major contacts. 



* See a paper by H. Forty, M.A., '' On Contact} and Isolation, a Problem in Permutations, 
* Proceedings London Mathematical Society,' vol. 15. 



?> 
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Let one such product with its attached numerical coefficient be 

The number k enumerates a certain number of the permutations which have s major 
contacts, and 1, k enumerates the entire number. 

The problem is to determine the particular permutations enumerated by the 
number k. 

li Pi andjpg b^ both greater than zero, the contact ac^a^ must occur in one or more 
of the enumerated permutations. 

If Pi be zero, X^^ is absent, while if _P2 t>e zero, a^ ^^^ ^^ existence, and also X^i ^^^^ 
not appear. 

Hence, X21 only appears when both pi and p^ are greater than zero. It follows 
that the products which involve X21 ^^^7 enumerate by their coefficients those per- 
mutations which possess a^a^ contacts. In fact, the absence of either a^ or a^, by 
causing X2] to vanish, diminishes the total number of permutations which have a 
definite number of major contacts ; this would not be the case if the terms comprising 
X31 as a factor did not enumerate a^a,^ contacts ; if a^a^^ contacts were not enumerated, 
the vanishing of a^ or a^ would not alter the enumeration of the permutations 
possessing a given number of contacts, for this given number would be complete 
without oL^a-^ contacts at all. 

It is next to be shown that a product involving X^/^^ comprises exactly .s^^i? ^2^1 
contacts. 

Suppose pi < ^215 P2 < %• 

Then a^ occurs less than ^2^ times. 

And, therefore, X^i^^ cannot be raised to the power ^21. 

And, therefore, X2j^ cannot occur in any term to so high a power as ^21- 

Similarly if p^ < s^i it is evident that X21 cannot occur to so high a power as 
%. Therefore, unless both j:>^ and p2 ^^^ ^^ least as great as 52x, X21 cannot occur in 
any term to so high a power as 521- It follows that the products which involve 
^21^'^ cannot enumerate permutations possessing fewer than tS^i? ^2^1 contacts. For 
suppose that the permutations enumerated possessed only 0-21, ^2^1 contacts where 
^21 ^ %!• If Pi ^^ P2 b^ diminished so as to be less than S21 the permutations 
possessing cTgx, otgotj contacts would not necessarily be diminished in number, whilst 
those possessing s^i such contacts as well as the products involving X21"''' would certainly 
vanish. Hence the products involving X2/'' cannot, through their coefficients, enumerate 
permutations possessing fewer than ^21, 062063 contacts. Hence the number k enumerates 
permutations having at least 
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£p a^,^06;^ contacts 



?2> 


a;.«i 


53 


• 


« »' « 


e 


^1. 


a^i«3 


9P 


V'^> 


a^ao 


n 


« 


» • J 


* 


Cu 


'"1 o 


J3 


& 


a^o's 


J? 



» » » » 



and these numbers must represent also the exact numbers of the contacts in question 
because the sum 

gives the whole number of contacts under consideration. 

The number k obviously denotes the number of lines of route through the reticula- 
tion of the multipartite .._^_,^^_ 

Fi Pa • * • P^t 
which possess 

ii essential nodes of the kinds a.^'^^ 

and so forth. 

67. By an easy arithmetical interpretation the number k also denotes the number of 
permutations in which 

a^^^ occurs ^j times in the first j^^ places^ 

^*% J> bS 3? *? 3S 53 

%^ 55 if}i 55 between tha Pi^^ and p^*^' places. 



%3 5^ '^3 



33 33 33 33 33 



• ••»•«• •««sas.»»« 



^h >' ^1 5' ?^ ?? Pa ^ 3^ i^3 



til 

33 



^S.X 3 3 4>' 



3 35 33 33 35 35 33 33 

• it»» «««t >*••««'«« 
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§ 5. ExtPMsion of the idea of Composition, 

68. The idea of composition is capable of enlargement from a particular point of 
view. 

In regard to unipartite numbers, consider p units placed in a row 

1 1 1 1 1 1 . . ., 

there are p — 1 spaces between them which may be occupied by algebraic symbols at 
pleasure. We may select a definite number of different symbols, and choose any one 
to occupy any one of the p — 1 spaces. If this definite number be h, we can, by 
filling each space at pleasure, arrive at ^^'~\ different expressions involving the p 
units. 

Clearly we may take as one of these symbols the simple unoccupied blank space, ^ 
since such space left between any two numbers, quantities, or expressions of any 
kinds has, in every case, a well-understood signification, not always, however, the 
same, in mathematical work. 

If we restrict ourselves to a single symbol, only one expression involving the 
units is possible ; choosing this symbol to be that which indicates addition we 
merely get 

1 + 1 + 1 + 1 + 1 + 1 + ..., 

which is j>y or the number which enumerates the units. Had the chosen symbol been 
that denoting subtraction, the expression would have denoted — (p — 2) ; a blank 
space would have yielded a succession of p units; the symbol of multiplication, unity, 
and so forth. 

All the modes of obtaining expressions from the p units may be called combinations 
of the first order in respect of the p units. 

Passing to the case of two different symbols we may choose to employ the sign of 
addition and the blank space. We thus obtain 2^"^ different expressions which are 
the several compositions of the number p. 

In general, expressions obtained by choosing from any h different symbols may be 
called combinations of order h in respect of the p fundamental units. 

69. There is a one-to-one correspondence between these combinations and the 
" Trees '' which have an altitude k and p terminal knots. 

As an example take h and p each equal to 3, and, further, take as symbols, the sign 
of addition, the blank space and the symbol | of unspecified signification. 

The correspondence between the nine trees and the nine combinations of order 
three is shown below : — 

* Tlie unoccupied blank space miglit "be represented by a definite symbol such as O, as suggested to 
me by one of the referees. 
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-— f--V-c 




5 



21 



12 



111 



2 1 



il2 nil 



1 11 11 1 



The process consists in writing down a unit for each terminal knot. The p — 1 
intervals between the units correspond to tlie p — 1 inter-terminal-knot spaces. If a 
space leads to a bifurcation in row B the symbol is -\- ; if in row C it is a blank 
space ; if in row 2) it is | . 

Thus, take the fifth tree above, we have 



1 -f- 1 1 



for the space a leads to a bifurcation in row B, giving the symbol -|- and the space h 
leads to a bifurcation in row D giving the symbol '. Hence the corresponding 
combination 

Ji Xt 



On the same principle a tree can always be drawn to represent any combination of 
order k in respect of p units. 

70. Passing to the case of multipartite numbers, consider tripartite numbers as 
repi^esentative of the general case. Arrange a row of multipartite units of the three 
kinds, viz. : — 

100 100 100 .. . 010 010 010 .. , 001 001 001 .. . 



and employing two different symbols, viz., the sign of addition and the blank space, 

we arrive at a certain composition of the tripartite PiP^zP^^ supposing the numbers of 
the units 100, 010, 001 that appear in the row to be pi, pg, and pg respectively. With- 
out altering the positions of the symbols introduced we may change the order of the 
units 100, 010, 001, and thus obtain other compositions. Permutations of these units 
between contiguous blank spaces are not permissible, so that for fixed positions of the 
pluses and blank spaces we do not obtain in general 

(Pi +P$+ Ps) ! 
Pi'-P^^-Ps^- 

compositions, but some lesser number. 

This arises from the commutative nature of the symbol +. 
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Had neither of the symbols employed been such as obey the commutative law of 
algebra, the whole number of combinations of the second order would have been 
simply 



2^J+:?^3+i'3- 



■1 ihJlBjLhl: 
Pi ^ P9J P^ ' 



Thus, in this case, the symbol + introduces a complexity into the theory of 
compositions. 

Choosing similarly from Jc different symbols, none of which are commutative, 
there are 

Pi J P^. ^ Ps •' 

combinations of order Jc, and the general generating function may clearly be written 



k 1 — k (otj^ + ^3 + . . . + «w) 



but there is a lesser number of combinations if one or more of the symbols be 
commutative. 



71. For the purpose of this investigation the most interesting case to consider is 
that in which one symbol, viz., the blank space, is non-commutative, and the 
remaining k — 1 symbols commutative. This species of combination is not brought 
under view merely for the purpose of adding and discussing new complexity. Its 
introduction is absolutely vital to the investigation as clinching and confirming 
a conclusion which was momentarily assumed during the consideration of the 
compositions of multipartite numbers. (See ante, Art. 61.) Consider the reticu- 
lation of a multipartite number. That of a bipartite number will suffice as indicative 
of the general case. 

— ,S 



xL 



F 



A combination of order k (of the nature under view) is regarded as having m jparts 
when m — 1 blank space symbols occur in the combination. 

Let us first enquire how many combinations possess only a single part. We 
require nodes of ^ different kinds, viz., a blank space node and h — 1 other different 
nodes. A blank space node may be either essential or non-essential, but an essential 
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node must be also a blank space node. The only line of route through the reticu- 
lation which does not involve an essential (that is a blank space) node is ACB. 
Consequently the graphs of all the combinations having but one part must be along 
the line of route ACB. Similarly in the reticulation of the multipartite number 



P1P2 * ' ' Pn^ 



the graphs of all the one-part combinations will be along the line of route traced out 
by Pp a^ segments, p^, a^ segments, and so on in succession. The h — I different 
symbols at disposal may be placed at pleasure at p^ +P2 + * • • +P^ — 1 points 
along this line of route. Hence 

different one-part combinations are obtainable. 

In other words the generating function for such combinations is 

Ai + (^ - 1) A^ + (^ - 1)^ /i3 + . . . + (/i^ - iy^%, {n = OD, 

where in a previous notation h^ is the homogeneous product sum, degree n, of the 
quantities 

72. Next as to the combinations which have two parts. At any point D of the 
reticulation place a blank space node. All two-part combinations whose graphs pass 
through D must follow the line of route AEDFB, for otherwise an additional 
essential (and blank space) node would be introduced. The whole combination may 
be split up into a one-part combination along the line of route AED, followed first by 
a blank space, and then by a one-part combination along the line of route DFB. All 
the two part combinations whose graphs pass through the point D are obtained by 
associating every one-part combination in the reticulation AD with every one-part 
combination in the reticulation DB. 

Hence the whole number of combinations, having two parts, of the multipartite 
number 



PiP^ ' • • P'« 



IS 



where 



P\ + V\ - Pi ; P% + P\ = P2. - • P'n + P'n - P 



Hence, the generating function for two-part combinations is 



n^ z=i 00 . 
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73. Pursuing this chain of reasoning it is completely manifest that the generating 
function of w-part combinations is 

{h^ + {Jc - 1) h^ + (^ - 1)3/^3 + ... + (^ ~ ly^'^^KrY^ (n' = 00 , 

and hence the complete generating function of combinations of the multipartite 
number 



is 

h 4. (k - 1) /^ 4. . . . + (^ - ly-^K^ I , 

1 _ /^.^ -^ (I - 1) A^ - . . . «- (/^ _ ly-^hn^ ^ 



which is eflFectively the same as 



1 



h 1 — A 2 ^x + ^ (^' "~ 1) 2 ^s^i^g — h {k — 1)^ 2 a^a^a,^ + . . . 4- { — fk (k — l)*''-^ot-j^a^ . . . a^ ' 

for the latter is obtained by adding the fraction l/k to the former and then transforming 
from homogeneous product sums to elementary symmetric functions. 

Just as in the case of ^ = 2, coi^esponding to compositions, this generating function 
admits of an important transformation to a factorized redundant form. 

74. In the above fraction put s^a^, s^a.2, . . . s^oin for a^, ot^, . . . a,, respectively ; it 
may then be written 

^'--1 ^ 1 _ 1 

k —l-^k{l — {k'-l) s^a^} {1 — (/{J — 1) Soa^} . , . [1 — {k — l) 5«a,J "~ IcS * 

For brevity put 

S/ = St {ha^ + /ca^ + . . . + /c% + a^^^ + . _ + a,^ = St (A^ + hat) 

M = (1 — kSiU^) (1 — fe^^a) . . » (1 — ks%,otf,), 



and 



1 1_ _ 1 

k ' (1 - Si) (1 - S3) ... (1 - S,,) "" kD 



1 
It will be shown that — is a generating function equivalent to the former in regard 

to terms which are products of powers of 

5-v" O 
.A. Zi 
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for 

and thence 

D T) D ' ~ 1 \ "^ 1 -- sj (1 ^ Si) (1 - Sg) . . . (1 -« S«) 

75. The investigation proceeds precisely as in the case o£ k = 2 with the following 
result. The fraction 



k {1 ■— s^ {koii + ot^ + , , \ + %)} (1 — Sq {koii + A^3 + . . . + %)} . . . {1 — 5ji (koc^ + ^'^0 + . . . 4- ^5^»)} 

is equal to the product of the fraction 

1 1 



and uJoe series 

^ + 2. -"^ - ^ (^riri)7r=^^ (1 - s,j 

the summation having regard to every selection of u integers from the series 
I3 2, 3, ... ^5 and u takes all values from 1 to n — 1. 
As in the former case the relation 

A^ + ^^t = -^^+1 + ^^+1' 
which becomes 

A4 + kaf^^ = k {Ai^ + mf) 

where t,, and t^ are the highest and lowest suffixes present, shows that the terms 
under the summation sign do not involve any products of s^a^, %/%3, . , . 6v,a,, only, 
and therefore as far as concerns the generating function may be put equal to zero. 

76. Hence the number of combinations of order k of the multipartite number 



Pi P% * * ' P« 



is the coefficient of {s^a^Y^ {s^^^f' » • • i^n^^)'^' m the expansion of the generating 
function 



// |1 _ s^ (ka^ + ^3 + . . . + du)} {1 - % (JcUt^ + /j^3 + . . . + «;.)} ... {1 - ^'/^ (*^1 + . • • + ^^^n)} 
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that is to say it is the coefScient of ot/ia/^ . . . a/'^ in the product 
1 

- [ha^ + Ot^ + . . . + ^^0^' {^^l + ^^^2 + ^3 + • • • + ^'4^'' • • • (^^1 + ^^3 + • • • + ^^nY\ 

which may be written 

. . . {oti + 063+ . . . •+■ ^^y^' 

The coefficient of a/^ot/^ . . . ot/'^ is 

where C^ is the coefficient of 

in the product 

(otj + X (otg + . . . + a,,)]^'i {oti + otg + X (otg + . . . + a,,)y-' . . . (otj^ + a^ + . . . + a,,}^\ 

If in the reticulation of the multipartite number there be D^ lines of route which 
possess exactly s essential nodes, 

combinations of order k may be represented upon these lines. Hence the whole 
number of combinations is 

Hence 

a relation which is true for all positive integral values of L 

77. Hence 

the important relation temporarily assumed in the investigation concerning com- 
positions. (Art. 61.) 

78. The theorem thus established, viz., that the number of distinct lines of route 
through the reticulation of the multipartite 



which possess exactly 5 essential nodes, is given by the coefficient of 



' 1 2 • • • ^^n 
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in the product 

{aj^ + X(a3 + , . . + a,,)}^' {oti + % + ^(% + • . • + %)}^'. • • {^i + % + .»• + ^^^'^ 

gives the theorem in compositions :— 

"The number of compositions of the multipartite 



PjPz • • ' Pn 

which possess exactly s contacts of 

n — u 2;eros with — 1 sjeros, 

subject to the condition u > t/m 

where C^ is the coefficient of 

in the above-mentioned product/' 

79. Also the further theorem : — 

'' The number of compositions of the multipartite 

PiP% • • • P*i 
which possess exactly 

s^,^t^ contacts of n — Wi zeros with ^^ ■— ■ 1 zeros. 



?? 



a • « « » • • as e 6 « « « 



is the product of 

2ih-¥iy,^ . . . --25.-a"-i j-^, ^ ^^ J 

and the coefficient of 

^uih^u^h * ' ' ^i ^^ • • » ^^^ 

in the product 

80. The generating function which enumerates the combinations of order k of 
multipartite numbers may be written 



where 

a\ = (A; — 1) otj, Gc^ == (^ "" 1) ^3» *^^* 



A.'^ is the homogeneous product sum of degree m of the quantities 
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and 

The coefficient of 

1 2 • • • ^^^ 

in 



(h - 1 )'^^ 



enumerates, in respect of the multipartite pip^ . . . p,,, the number of combinations 
having m parts. 

From previous work this coefficient is 

where 

'm\ /pj + 77^ — 2\ /pc^ -f m — 2\ /p^ + m — 'I 

+ &<?-^ 
to m terms. 

81. Hence the whole number of combinations is 

{h - if'-'fiVlP, . . . Pn> l) + {k- if'-ViPiP, ■ ■ ■ Pn, 2) + . 

a result which is immediately obtainable from the reticulation. 

82. There exists a very interesting correspondence between the compositions of the 
multipartite 

into h parts, zeros not excluded, and the combinations of order h of the unipartite 
number 

.ero. excluded. 

The generating function for the compositions of multipartite numbers into h parts 
zeros not excluded, is 

(1 + h, + A, + . . .y = (1 -^ a,Y^^ (1 -~ a,Y^ . . . (1 -- a,y\ 



hence the number in the case of p^p^ - - * Pn is 



/k + p^ — 1\ ^k + 2h — 1\ (^ + Ps — 1\ (^ + P» — 1\ 

V Pi / \ P^ I \ Pz / ' ' A Pn ) 
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which for the multipartite 1"~^ is 



k 



n—1 



This expression also gives (mite) the number of combinations of order k of the 
unipartite number 

zeros excluded. 



83. The correspondence may be shown by reference to the ^^ Theory of Trees." 
The trees to be considered are of altitude Jc and have n terminal knots. 
For simplicity take n =: k = 3. 
The trees are 



C "1 




vv^hich, as shown above, represent combinations of order 3 of the unipartite number 3. 
These are 

3 21 12 111 2|1 ll2 11 11 1|11 1|1[1, 

the number of parts (observe that blank space symbols are between adjacent parts) 
being equal to the number of bifurcations in the second row from the top, increased 
by unity. 

Now these trees may be interpreted so as to represent the compositions of the 

multipartite (1^) into three parts, zero parts not excluded, by attending to the con- 
nection between the two bifurcations of each tree and the two inter-terminal-knot 
spaces. 

In any row of knots in a tree we have or we have not bifurcations, and each 
bifurcation communicates either with the first or with the second inter-terminal-knot 
space. 

Beginning with the row marked A, if we find no bifurcation we write 00 ; if we 
find a bifurcation communicating with the first space but not with the second we 



write 10 ; if with the second space and not with the first 01 ; if there be two bifur- 
cations, which necessarily in the present case communicate with both spaces, we 



write 11 ; and proceeding in the same way with the rows B and C in succession we 
will have finally written down three bipartite parts constituting a composition of the 

multipartite 11. 

We thus obtain, beginning with the left hand tree, 
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(00 00 11), (00 01 10), (00 10 01), (00 11 00), (01 00 10), (10 00 01), 

(Olio 00), (lo Ol 00), (11 00 00), 

in order of correspondence with the above written combinations, of order 3, of the 
unipartite number 3. 

84. The process is perfectly general Every tree of altitude ^ is representative 
alike of a combination of order ^ of a unipartite number, zeros excluded, and of a 
composition of a unitary multipartite, zeros not excluded, and each combination or 
composition of the nature considered is uniquely represented by a tree. 

The number of compositions of the multipartite 1^^""^, zeros not excluded, into 
k or fewer parts is 

a number which also represents the number of the aggregate of the combinations of 
the number n^ of orders 1,2,...^, zero parts not excluded. 

The interesting fact here brought to light is the connection between the unipartite 
numbers and the unitary m,UUpartite numbers. 

85. We have seen that lif^^ expresses the number of combinations of order h 
possessed by the unipartite number m. Each combination involves a certain number 
of the h different symbols and we may inquire the number of combinations which 
involve exactly p out of the h symbols. It is clear that one combination can be formed 
which involves any one symbol and none of the others ; hence, h combinations involve 

but a single symbol. Two out of h symbols may be selected in ( ^ ) different ways ; 

for each such selection we must take the number of combinations of the number m, 
of order 2, and subtract the number of these in which but a single symbol appears. 
Hence, the number of combinations involving exactly two symbols is 

^^ (2--1 ^ 2). 



Similarly three out of h symbols may be selected in /^j ways, and for each selection 

we take the whole number of combinations of order 3 and subtract those of them 
which involve exactly two symbols or exactly one. 
Hence we arrive at the number 

J] {3^^"-'J- - 3 (2^-1 — 2) - 3} 

^ AUg^-^i _ 3 ^ 2^-1 + 3 . 1^-1}. 

In this way it is easy to see that the number of combinations involving exactly p 
symbols is 

MDCCCXCIII. — A 5 y 
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'h 



[p 



m-^\ ,^ 



p{p- ly^' + (2) (p - 2)--i ^ . . . + {^y^^p} 



in the notation of finite differences. 
We have now the well known identity 



'h\ 



Iz 



/c--i '^ rj A (O--1) + (2J A^ (O--1) + . . , + r j A^ (0--^) + , _ + Q A^' (0--^). 



and we have seen its interpretation in the theory of the combinations of order ^ of a 
given unipartite number m. 

Tables of Compositions of Multipartite Numbers, 



No. 



1 



part 



.JL 0T}ai 



» e « 



No. 



2 



3 



1 2 parts Total 



1 


1 


1 


2 



^ « d 



2 



3 



No. 

3 
21 



2 



1 

1 


2 


1 


4 


3 


1 


6 


6 



parts Total 



4 



e « 



a a 



• 



8 



. 13 



No. 
4 



31 



2"^ 



21 



a 



4 



L 


2 


3 


4 


1 


3 


3 


1 

1 


1 


6 

10 
14 


9 


4 


1 


12 


6 

j 


1 


21 


12 


1 


36 


24 



parts Total 



• • • 



8 



« • 



ff « 



* e 



« » 



. 20 



. 26 



. 44 



. 75 
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No.- 
5 

il 

32 
3P 

¥T 

2P 



1 


2 


3 


4 


5 


1 

1 


4 


6 


4 


1 


8 


18 


16 


5 


t 


10 


27 
45 


28 


10 


I 


14 


52 


20 


1 


16 


57 
93 


72 


30 


1 


22 


132 


60 


1 


30 


150 


240 


120 



parts Total 



16 



48 



76 



132 



176 



308 



541 



No. 



6 



51 



42 



41 



\S 



321 



31 



'■S 



2^2 



Ol4 



21 



8 



1 

X 


2 


3 


4 


5 


6 


I 


5 


10 


10 


5 


1 


1 


10 


30 


40 


25 


6 


I 


13 


48 


76 


55 
105 


15 


1 


18 


78 


136 
92 


30 


1 


14 


55 


70 


20 


1 


22 


111 


220 


190 


60 


1 


30 


177 


388 


360 


120 


1 


25 


138 


294 


270 


90 


1 


34 


219 


516 


510 


180 


1 


46 


345 


900 


960 


360 

720 


1 


62 


540 


1560 


1800 



parts Total 



» • 



• e 



• « 



• « 



• • 



• • 



» • 



« • 



• • 



» • 



d e 



32 



112 



208 



368 



252 



604 



1076 



818 



1460 



2612 



4683 
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No. 



2 



4 



6 



7 parts Total 



61 



52 



51^ 



43 



421 



41 



8 



sn 



82 



a 



321 



3 



31"' 



2^1 



22 fa 



21^ 



17 



1 


6 


-4 Ikwr 

Id 


20 


15 


6 
36 


1 


1 


12 
16 


45 


80 


75 
175 


7 


1 


75 


160 


96 


21 


1 


22 


120 


280 


325 


186 


42 


1 


18 


93 


216 


255 


150 


35 


1 
1 


28 


183 


496 


655 


420 


105 


38 


288 


856 


1205 


810 


210 


1 


30 


207 


588 


810 


540 


140 


1 


34 


255 


772 


1120 


780 


210 


1 


46 


899 


1324 
2260 


2050 


1500 


420 


1 


62 


621 


3740 


2880 


840 


1 

1 


52 


489 
759 


1728 


2820 


2160 


630 
1260 


70 


2940 


5130 


4140 


1 


94 


1173 


4980 


9300 


7920 


2520 
5040 

-— — ~- ■' '" " ■- " 


' ■ 

1 


126 


1806 


8400 


16800 


15120 



« o 



64 



256 



544 



976 



768 



1888 



3408 



2316 



3172 



5740 



10404 



7880 



14300 



. 25988 



. . 47293 



• « 



[During tke considerable time that has elapsed since this paper was read I have 
discovered the general theory of the transfornaations of Arts. 41 and 75. 

Let Xi, X^, Xg be general linear functions of Xj^, Xc^^ x^ as exhibited in the Notation 
of the Theory of Matrices 

(Xj, X^, Xg) ==: { %5 %5 ag ) (%5 x^, x^), 

K K h 



and consider the algebraic fraction 



(1 — s^jL^ \X -— SgXg) (1 — Sg^g) 
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1 have established that that portion of the expansion of this fraction, which is a 
function of products of powers of SiX^, s^x^^ s.^x>^ only, is represented by the fraction 



N 



where 



the notation being that in use in the Theory of Determinants. 

The coefficients of N ai^e the several co-axial minors of the determinant of the 
matrix defining X;^, Xg, and Xg, viz. : — 



a^ 


a^ 


«3 


h 


h 


h 


Cl 


% 


C3 



The result is immediately deducible from the identity 



^1 vh^i "^ X|) 
1 — SjX^ 

(/■J O oJUn 



-1, 



%^1% 



Og {OntL: 



5-1 XX.1 



1 



OOjdjLo 



X Sq-A-o 



-1, 



^l/^S'^S 



^3%^'a 



1 - ^iXj 

X ^2-^0 



1 - 


— s 


3X3 ' 


1 - 53X3 ' 


1 — 6\, 




Xs 






1 — SiXi, 


0, 









X 


0, 


1 - 53X2, 











0, 


0, 


1 - S3X3 








CviOlti-'-j "~~* Xj 


VvoOiJUi , 


CtoO 1 1^* 1 




zz 


OiS^Xi^, 


%^2^2 1? 


^3%^2 








^1%*^S? 


%'^3*^3? 


^8%% 1- 





the determinant last wintten being, with changed sign, the value of N. 

The theorem for the case of ?i variables Xj^ x^, . . . x„ will be completely manifest 
from the above. 

It appeax^s to be one of considerable importance with regard to the generating 
functions which present themselves in this domain of the Theory of Numbers. 

The results of its further investigation I hope to bring before the Royal Society in 
the near future. — Added August 25, 1893. P. A. M.] 



